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SUMNARY 
This thesis records an investigation into the temperature distributions 
in breke discs resulting from different types of braking duties, and the 
stresses and deformations arising due to these temperature gradients. 
In particular, the 'bell' region of the brake disc, i.e. the heat-conducting 
path between the rubbing path and the mounting flange, is subjected to close 
analysis by both theoretical and experimental means. 
A knowledge of the temperature distributions in the bell is important, for 
two main reasons: to ensure thet long periods of braking do not cause 
excessive temperatures at the mounting, and to enable thermal streeaes and 
distortions to be evalueted. In this thesis e numerical method of solution 
baeed upon an idealisetion of the disc is developed, and dynamometer tests 
ere described simuleting vehicle braking for measurement of temperetures by 
means of thermocouples. 
correlate well. 
The theoretical and experimental temperatures 
Temperature gradients in the disc cause undesirable 'coning' of the disc, 
and a method is described b,hich minimises this coning. The method essentially 
consists of providing for some flexibility in the bell, "hich allows the 
mode of deformation to be acceptable. To ensure adequate strength in the 
bell it was necessary that a stress analysis be carried out. 
The bell is idealised as en axisymmetrical shell of a general meridional 
configuration, and a numerical method of solution based upon step-by-step 
integration of the governing.equations is developed. Numerical solutions 
for degenerate shell shapes ere compared with analytical solutions and 
the results are seen to correlate favourably. A higher-order shell theory 
is investigatad to determine its ralevencein the present work, end a 
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. I 
simplified approach to treat the non-linearity of the stress-strain curve 
of cast iron is described. 
A rig to aimulate the· thermal effects of braking was set up, and measure-
ments of temperatures, strains and deformations were taken undsr various. 
experimental conditions. It is shown that theoretical prsdictions and 
test results fit wsll with each other. 
Dasign aspacts of the work are also discussed. Thsse includs the effects 
of stsp langths (arising from the disc idealisation), end fixings and 
manufacturing tolerances. 
It should be noted that throughout this thesis stresses and 
deformations due to thermal effects only are treated. Stresses 
and deformations arising from braking· forces and centrifugal forces 
may readily be shown to small in comparison, and are not taken into 
consideration. 
-2-
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NOTATION 
A Swept area of braking surface. 
Cp Specific heat. 
0 Extensional rigidity = 
d Bell thickness. 
E ·Young'e modulus. 
f Vehicle deceleration. 
H Radial force per unit length. 
h 8ell element length. 
Hg Heat generated ·at disc per unit srea per unit time. 
hc Convective heat transfer coefficient. 
j Station number, used as subscript. 
K Flexural rigidity = Ed3/(1_~2) 
k Thermal conductivity. 
Ms, Me l'Iei:idional and hoop bending moments, per unit length. 
Ns , Ne Meridional and hoop forces per unit length. 
Q Quantity of heat per unit time. 
Qs Transverse force per unit length. 
r Radius, i.e. distance from axis of symmetry.· 
s Co-ordinate, distance along shell meridian. 
T Temperature above ambient. 
T* Temperature above ambient after time ~T. 
t Time since commencement of braking. 
U Radial displacement. 
u Initial speed of vehicle. 
V Axial displacement. 
v Meridional displacement. 
W Vehicle weight. 
w Displacemsnt normal to meridian. 
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f" 
B 
<S'""s' ere 
X 
Thermal· diffusivity = k/fcp 
Inclination· of meridian to ·Bxis of symmetry. 
Coefficient of thermal expansion. 
Time increment. 
Meridional and hoop strains • 
Poisson's Ratio. 
Density. 
CD-ordinate, angular distance of meridien from detum meridian. 
Meridional and hoop stresses. 
Rotation of meridian. 
Other symbols are defined when first used in the text. 
INTRODUCTION 
The first paper on the subject of disc brakes to be presented to the 
Institution of ~lechanical Engineers was in November 1955 (l), et which 
time disc brekeswere mainly bsing used on racing cars. During the 1960's 
considerable development was teking place in this field, with a view to 
utilising disc brakes on passenger cars and commercial vehicles, and 
many researchers extolled the advantages· of disc brakes over drum 
. brakes (2)(3)(4)(5). Many advent ages are now accspted, such as savings 
in space and weight, reduced fade, better stability and easier maintenance. 
It is nowadays fairly commonplace to find disc brakes utilised in passenger 
cars of all sizss, and to a. lesser extent in heavy commercial vehicles. 
Brake designers say that while in the. past decade or so the en·ergy required 
to be dissipated at e particular brake has increased considerably, less and 
less space is available for the brake installation. This factor, togethar 
with consider3tions of possible weight and cost reductions, and the over-
riding requirement of saFety, has led to more systematic and rigorous methods 
of analysis and design being adopted, where in the past rough calculations, 
together with drastic assumptions, would have suFFiced. 
in this thesis is· part of this pattern. 
The work. described 
This ,"ork originated during the period when the author was working with 
Girling Limited, and problems arose regarding temperatures, stresses and 
distortions in disc brakes manufactured by the Firm. As these problems 
were recurrent, it was decided to undertake a thorough investigation and 
to attempt to gain a deeper understanding of the subject, so that future 
designs may benefit. 
" 
The function of a brake is to dissipate tha kinetic energy of a vehicle 
so that the vahicle slows down. A disc brake does this by bringing two 
pads made of special friction material into contact on opposite faces of 
a rotating disc which is attached to the vehicle axle. Most of the heat 
thus generated at the rubbing surfaces, about 99% (6), goes into the 
brake disc, the remainder going into the pads. This heat is dissipated 
by raisin9 the temperature of the disc, by convection, and by conduction, 
the radiation effects being small except for very high temperatures. 
Thus, with regard to the geometry of the disc, the requirements are flat 
rubbing paths for the pads, and an arrangament for mounting the disc on 
the hub. In the early days of disc brake design the influence of drum 
brakes was felt ,strongly, and resulted in a disc design which looked rather 
like a brake drum" with e flenge to receive the pads (Fig. la). This type 
of design was known as the "top hat" shape, because of the obvioue 
Similarity. In the search for more economical use of space, weight 
reduction, end easier manufacturing, designers ,tried other shspas. The 
axtreme case, and the simplest, was the completaly flat disc shown in 
Fig. lb. The flat disc suffered from certain disadvantages, hOUlever. 
Th'e fixing holas were so near the hot region of the rubbing path that high 
thermal streeses and undesireble distortions occurrad, sometimes ceusing 
cracking around the holee. Also, the heat did not have far to travel before 
reaching th'e hub, 'end high wheel bearing temperaturea resulted. 
Du'e to the above reasons the basic. top hat. shape has been adopted as the 
standard design whenever possible. Variations of this basic shape are 
much in use. Differences exist in that the cy lindrical portion might be 
replaced by a conical "bell", or that this heat-conducting path might 
consist of two different shapes, like a combinatIon of a cone and a flange. 
Space limitations and performance requirements may sometimes force the 
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FIG.2 BRAKE DISC TERMINOLOGY AND DISTORTIONS 
designers to experiment with even more different configurations, such as 
a convoluted ball. 
If the bell is properly designed so that the heat dissipetion is adequate, 
the problem of overheating is overcome. But another problem, arising from 
the temperature rise in the disc, hss seemed to be inherent in the shape of 
the disc. This is the problem of thermel stresses and distortions. 
Considering first the rubbing path on the disc, the heat generated at the 
surface causes a temperature gradient through the thickness of the disc, 
and a further temperature gradient, although much less severe, in the redial 
direction. The through-thickness temperature gradient can cause severe 
thermal strssses, especially st the "hot spots" caused by surface irregular-
ities, whare surface crazing. can occur. Newcomb, as part of his distinguished 
. work on thermal aspects of braking, has evaluated temperatures at the rubbing 
path of brake discs, and verified these exparimentally by the use of infra-
red radiation pyrometers (6)(7). However, temperatures obtained theoretically 
and measured experimentally in this way are.the average values over large 
areas of the rubbing path, and would not give the true values at highly 
localised regions where very small areas of disc and pad were in contact. 
Angus et al (B) conducted metallurgical examinations of rubbing paths on 
discs and reported localised temperatures of up to IIOOoC, .corripared with 
Newcomb's values of up to 500oC. 
These high tempsratures, temperature gradients and thermal stresses at the 
rubbing path are a natural consequence of two surfacee moving in contact 
with each other, and dissipating heat at their interface. Apart from making 
sure that the surface finish ia adequate, the only way to alleviate such 
conditions is by providing satisfactory cooling at the disc surfaca. 
Problems at the rubbing surface are not the concern of the present investi-
getion, although naturally these will be touched upon where pertinent. 
~·-1-
The work described in this thesis was concerned in particuler with the 
bell region of the disc, with tempereture gradients over the bell from 
the rubbing path to the mounting flange, and with tha thermal stresses 
and distortions in the disc caused by these temperature gradients". 
These distortions can be examined more closely by visualising these as 
being me de up of thrae different "types of deformations: a radiel movement, 
en axial displacement, and a rotational movement of the rubbing path (the 
"rotor" portion) which" tends to make this region take up a cone-lika 
configuration. These distortions are depicted in Fig. 2. 
The radiel displacement does not interfere with the performance of the 
breke, and a limited amount of axial displacement can also be accommodated 
in the design. Howevar, the coning can have very undesirable effects. 
Wear patterns of the friction pads are adversaly affected, normal running 
clearances are influenced, variations" in pedal travel"may occur, and brake 
squeel can result. It ie of prime importance in disc design to minimise this 
coning, and"the present investigation demonstrates how this can be dona. 
The situation. at the junction of the rotor" portion and the bell can be 
treated here "qualitatively. The diagrammatic representation in Fig. 3a 
shows how, as the hot rotor expands radially outwards, the cooler bell region 
tends to provide constraints, and the cylindrical or conical shape of the 
bell causes the rotor to finally adopt a cone-like configuration. Forces 
and bending moments act at this junction region to cause these deformations, 
but by judicious design it may be arranged that the deformation occurs in 
an acceptable manner. 
Considering Fig. 3b, it is seen that at this junction tha centre-line of 
the rotor and the centre-line of the bell have been placed at an offset to 
each other, this junction offsat being denoted by p. Now, as the rotor 
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undergoes thermal expansion, it produces e radial for·ce whose line of 
action is through the centre-line of the rotor, and which therefore ceuses 
e couple at the· junction of rotor and bell whose magnitude is p times the 
force. If the correct junction offset is chosen, then this. couple can be 
mede equal and opposite to the bending moment existing et the junction of 
bell and rotor, and there will be no coning. 
To determine the correct value of junction offset suppose that analysis of 
the forces in this region corresponding to e particular braking condition 
and temperature distribution, has shown thet for the condition of zero 
rotation there must be a bending moment 1'1 and a radial force H. Then the 
required junction offset can be determined from the equation: 
pH 
or 
The value of p will strictly only produce zero coning for the particular 
braking duty for which the analysis has been carried out to determine Hand 
1'1, but .it will be shown later that by doing this For representative braking 
conditions values of junction offsets mey be obtained which would produce 
very small coning effects for any· likely braking duties. 
The sign of p will depend upon the sign conventions used for H and ~1. 
Sign conventions used in the preseint theory lead to p having the sign shown 
in Fig. 2. 
Fig. 3b shows the menner in which the region of the bell near the rotor must 
distort if the no-coning criterion is to be obeyed. It follows from the 
diagram that a certein amount of flexibility is desired in this region, end 
this ·cen be achieved by designing this part of the bell to be considerably 
.thinner tha,; the major portion of the bell. 
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If such deformations are to be sustained by this portion of the bell, the 
danger arises that stresses may be too high, and soma failures under test 
conditions were reported (9). It is vital, therefore, that a thorough stress 
analysis of such lIno-coning" brake discs be carried out so that the design 
can be produced with some confidence • 
. This thesis presents an investigation into the temperature distributions in 
brake discs, and the stresses and deformations arising from the temperature 
gradients down the bell. Numerical methods based upon the use of digital 
computers are employed for solution of the equations derived From theory, 
and this makes it possible to deal.with virtually any likely design of disc. 
Experimental techniques are described, involving the use of a dynamometer 
to simulate vehicle .braking·duties for· measurement of temperatures, and the 
use of a test rig to create similar temperature distributions so that strains 
and deformations might.be measured. Theoretical and experimentel results 
·ere compared. 
During the course of this investigation different aspects of it have been 
published. The work on temperature distributions was published in the 
. Proceedings of the Institution of Mechanical Engineers (10), th~ theoretical 
work on stresses and distortions in the Journal of ~1echanical Engineering 
Science (11), and the experimental work on· strains and deformations has been 
submitted to Strain (12). General points arising from the work and their 
implications· in the design of disc brakes have been presented at symposia 
organised by the Briti~h Society for Strain Measurement (51), (52).: 
--=lOc:t 
CHAPTER 1 - TEMPERATURE DISTRIBUTIONS 
1.1 Heat Dissipated in Br eking 
During braking the kinetic energy of the vehicle is dissipated as 
heat at the rubbing paths of the brake disc. Part of this heat is 
absorbed in raising the temperature of the mass of the disc (assuming 
that staady-state conditions .have not been reached)" part of the heat 
is conducted down the bell to the hub, and the remainder is lost by 
convaction to the atmosphere. The temperature gradient produced down 
the bell is crucial to the present investigation es this is what 
causes distortions and stresses in the brake disc. There is, howsver, 
another important reason why e knowledge of the temperature distribu-
tions in various bell designs for different kinds of braking duties is 
useful. 
When a single brake application is made to bring a vehicle to rest, 
the rubbing paths of the disc get hot but a steep temperature gradient 
exists down the bell, so that at the mounting the temperatures are low. 
After ·some time has elapsed, some heat is conducted down the bell but 
heat is also lost to the surroundings, and the final temperature at 
the mounting is still low. However, if brake applications are repeatedly 
·made at time intervals that ara too short to allow the disc to cool 
sufficiently, then the temperatures will build up to achieve final 
magnitudes which may be high enough. in a poorly-designed bell to cause· 
excesaive hub temperatures. Similarly, undesirably-high hub temperatures 
may be reached during long periods of braking down inclines. 
In practice, the former situation can occur during stop-start motoring 
in town traffic, and the latter in mountainous terrain such as the 
Alpa (13). 
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Two extreme conditions resulting from the heat dissipation in 
braking can thus be identified: 
a) At the end of a single brake application the final teMperatures 
in the bell.may be low, but the steep temperature gradients 
occurring may cause undesirable distortions and high stresses 
in the bell. 
b) After a lengthy perind of repeated braking or steady braking 
·down an incline, high overall temper2tures exist, but shallow 
temperature gradi8h~s will reduce the stresses. However, the 
magnltudes of the stresses have how to by related to the possible 
deterioration of the mechanical proporties of the material • 
• In between these two cases lie an infinite number of possible 
conditions, but for the present purpose it is sufficient to lorik.at 
the two ext.remes described above. 
In order to evaluate the temperatures it is first necessery to obtain 
Bxpressions For the amount of heat dissipated during th.se hraking 
riuties. Although certain empirical formulae exist for the amount bf 
energy expended in overcoming wind resistance, and for tho all <ll"once 
due to the gear ratio, the formAr can be· grossly inaccurate depending 
upon atmospheric conditions, ·and tt1e latter will have a small ",(,fect 
for braking in top gear (14) •. Pursuing our objective of obtaining 
the worst possible. conditions upon which to base t.he stress end 
distortion calculations, these factors will be neglectsd in e.tl~ating 
the·amount of heat dissipated. 
Considering first tt)e cese when a vehicle of ,"eight ~J is broug>lt to 
rest with a constant retardation f from an initial speed of u, after 
a time t from the start of braking the total energy being dissipated 
-12-
by the vehicle per unit time is given by tha product of the retarding 
force end the instantaneous velocity, i.e.: 
Wf( u-ft). 
~ 
Assuming a 60:40 braking ratio for front to back wheels, the heat 
dissipated per unit erea of disc per unit time at each front wheel 
is given by 
0,15Wf ( u-ft ) 
AJ 
..... (1) 
where A is the area of the rubbing path and J is the mechanical 
equivalent of heat. According to Newcomb (6), only about 1% of the 
heat enters the pads and the above expression may be modified to allbw 
for this. 
for the case of repeated braking Equation (.1) again applies during the 
braking periods. However, when a vehicle of weight W is eubjected to 
constant braking while travelling at a steady velocity v down an incline 
of' 1 in n, the total energy dissipated per unit time is given by 
Wv 
~n 
Thus the expression for the heat dissipated et. the rubbing paths of 
. the front discs per unit area per unit time is now 
0.15 Wv 
AJn 
:"13-
..... (2) 
1.2 Method of Solution. 
Upon first examination of the problem it may appear that a rigorous 
approach to its solution would need to be based upon a full three-
dimensional heat transfer theory, with temperatures varying in a 
circumferential direction, through the thickness and also lengthwise 
along the bell. However, striking simplifications may be achieved 
by making certein assumptions which do not lead to intolerable 
inaccuracies. 
Firstly, in .common with previous work in related fields (6)(7), it 
will be assumed that although the pads covsr only a small proportion 
of the rubbing path area of tha disc, tha rotational speed is so .high 
that there is virtually no circumferential temperature gradient; 
According to Angus et al (8) the assymetry due to this effect ·is of 
very short duration and confined to regions near the surface of the 
disc on the rubbing path. When the rotational speed has dropped, 
i.e. towards the end of braking, the rate of heat d1ssipation is also 
low, with the consequence that the effecf on temperatures reached is 
negligible. 
The second simplifying assumption seems a more drastic· one: that the 
temperature variations through the thickness of the bell be also 
ignored. However, Nawcomb's work on rubbing path temperatures (6) 
shows that it is only af the· onset of braking. that the temperature 
gradient through the disc thicknsss is high, and that towards the 
end of braking this gradient becomes negligible •. There will:·be some 
arror in this assumption for very thick ·discs, but these occur rarely 
in practice. Towards the end of· braking the temperatures at the 
rubbing path reach their maximum value,and this is expected to coincide 
with the. occurrence of the most marked distortions and stresses in 
-14-
the bell, which is the· point of primary interest in the present 
research. In the light of this reasoning, and taking into account 
also that the bell is alwaya thin-walled, being in general 
0.1 - 0.2 in. thick, the assumption that the ·temperature is uniform 
through the thickness should not lead to unacceptable errors. It 
should be noted that for the case of steady or repeated braking the 
temperatures through the disc thickness under the rubbing path are 
virtually uniform, and the same argument applies. 
Heving reduced the problem to a one-dimensional formulation 
passible methods of solution mey be examined. Upon consideration 
of the essential requirement that the solution be valid for bells of 
arbitrary design, i.e. so that any length of beli may be treated and 
also that the bell thickness may vary along the length of the bell, any 
analytical approach may be ruled out. A numerical method to be used 
in conjunction with a digital computer is therefore developed. The 
computer program uses as ·input, details of the type of braking·duty, 
heat transfer coefficients, disc material properties and disc geometry, 
and produces as output the temperature distribution down the disc for 
the specified braking conditions~ 
It should be remerked that the specification of suitable values of 
convective heat transfer coefficients which may be used as data for 
the present purpose is not a simple propositIon, Parameters that have 
a substantial effect on thase coefficients are the type of disc 
installation, atmospheric conditinns, and vehicle speeds·, Some 
systematic evaluation of influences such as these has been performed 
by Newcomb and Millner (15), and Dennis (16) also provides same useful 
information concerning values of convective heat transfer coefficient 
that may occur in practice. 
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1.3 Theory 
Fig. 4 shows 'a half-section of a hypothetical brake disc. 
For the purpose of the numerical technique, a number of stations 
are specified on the disc, their position being donated j, 
where j=1,2.3 ••• n. Tha method used will ba based upon an 
analysis of the heat transfer condition for the small ring-shaped 
elements'such as that formed by the shaded area in Fig. 4. 
The different shapes of element that occur in the disc and the 
corresponding heat transfer conditions are shown in Fig. 5. 
It can be seen that these shapes approximate as closely as possible 
to the actual configuration of the disc assembly without introducing 
undesirable complications in·the method of solution. 
In tha rotor and bell the argument previously outlined regarding 
the validity of the assumption that the temperature was constant 
through the thickness,applies. However, this is not true for tha 
hub, which is much thicker, but it should ba borne in mind that the 
primary aim is not to obtain accurate valuas of the temperatures 
along the hub shaft but to obtein the temperature distribution in 
the bell. Idealisation of the hub as in Figs. 5d and Se fulfils its 
purpose of acting as a heat sink and providing an end condition for 
calculation of the temperatures in, the ball. 
The procedure of determining the heat balance will be detailed below 
for one representative elemant, the treatment for all being similar. 
It will be observed that the heat loss due to radiation will in all 
cases be neglected, these being generally small in relation to those 
due to convaction or conduction (5). 
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Considering the shaded element in Fig. Sa, the heat entering it 
is given by the usual heat conduction equation 
Applying the standard finite difference approximation for the first 
derivative. and inserting the value of the .cross-sectional area of 
heat flow for the .ring-shaped element, this expression becomes 
Similarly, the heat leaving the element is given by 
(T j +l - TJ) 
hj 
The heat lost by convection is given by 
'" 
which after appropriate· substitution for the total surface area A· 
in terms of radius and element length, becomes 
Chj + hj_l} 
Q3 '" 2hcj ~rj 2 Tj 
If the region under consideration is on the braking path the heat 
going into the element at the surface is given by 
'" 
After substitution for A as before, this becomes 
(hj + hj_l) 
2 
Finally, to complete the heat balance, the heat being used to raise 
the internal energy of the element is given by 
/3 eT Qs '" r cp (Volume};;r 
-17-
Utilising the standard finite differenc<J approximation, and'sub-
stituting for the volume of the element in terms of radius, thickness 
and length, the following equation is produced 
Now putting 
and, re-arranging the resulting expression, the following equation 
is obtained for calculating Tj* 
Tj +l + 
¥,:;, -
rj+i dj+i~ T. + r. 
h j ,J J 
, ' 
+ h· l)r' -J- J , 
..... (3) 
As the initial temperatures are known at every point in the disc and 
hub, all quantities,on the right hand side are known and the temper-
atures Tj* after a time increment of ~t may thus be calculated. In a 
similar fashion equations may be derived for the regions shown in 
Figs. 5b-e. These are quoted below: 
At the 
rjhc(j_l) h· 1 J- r jhcJ h j 
k k 
+ 
r,jh j-l 
k, H,] • • • • • ~4) 
-1B- . 
At the periphery of the disc, 
[~ TI* O(lit = ii? r l 
2hcl hI 
k 
2h 2 
",] + -L kdl 
2hcjrjhj_l 
k 
hc j (+ k 
Fig. 5c, 
T~ 
L 
t, 
+ oc:!t 
~}T rl 1 
hcjdjh j 
2k 
2rj 
'j-,N 
2h h 2 
cl 1 
kd l 
· .... 
· .... 
(5) 
T. 1 J-
2r '=:1 d. 1 ) 1-
h. I J-
(6) 
Lastly, .for points in the hub, Fig. 5e, the situation can be simplified 
by assuming that· the hub diameter 0, the interval length h, and the 
heat transfer coefficients.hc ' are all constant· in this region. Then 
Tj* = .,,[ :, (TjH • Tj-l) + { C(~t - .1.. - 4hc} Tj ] h2 kO 
• •••• (7) 
The end condition cen be obtained by· assuming that at a large distance 
from the mounting flange the hub shaft is at ambient temperature. 
Thus the full temperature distribution over the disc and hub after a 
time interval St is now available. These temperatures are then used 
ae the known quantities on the R.H.S. of the above equations and 
further temperature dietributions after the next time interval obtained. 
This procedure is repeated till the end of the braking period, or 
continued. thereaft.er.· if required, in which case the heat input Hg is 
put equal to zero. 
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The above equations, when used in conjunction with the appropriate 
expressions for heat input, apply for all types of braking duties. 
For the case of repeeted braking a stable condition will finally by 
reached when the increase in temperature during the brake application 
is equal to the fall in temperature during the cooling period. 
For the case of steady braking down an incline the eventual situation 
will be that tha heat diSSipated due to breking will balance the heat 
lost by convection, and the temperatures will be steady. However, it 
was found in practice that both these processes of convergence occupy 
a considerable amount of computer time. Typically, this time could 
range from 1 hour to 4 houre on the rCL 1904[, which was the machine 
used. For the operational program, which the dasigner may wish to run 
savaral timas to invastigate his disc designs, computation times of 
this order are not practicable. 
A way may be found around this difficulty by drawing upon past work 
such as that of Meckenzie et al (13), in which values of steady rotor 
temperatures that may be reachad in practice are given. These velues 
may be used as one end condition for evaluation of steady temperatures 
in the ball, the other end condition being the same as before, i.e. 
that the hub shaft is at ambient temperature a large distance from 
the' mounting flange. 
Again, considering an element in the bell, Fig. Sa, 01' Q2' Q3' are 
as before, but 04 is always zero as the element is in the bell, and 
05 is also zero for the steady-stete conditions to exist. 
Thus 
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Substituting for 01' Q2' 03 from the earlier expreseions, and 
re-arranging the resulting expression, the following equetion is 
obtained: 
r.=t d.=t 1 J 
h. 1 J-
r ·tt d ·tt 1 . J 
+ h j 
T. 1 J-
Performing a similar heat. balance for the element at the mounting 
flange, Fig. 5d, 
2rJ:* d j _l 
h T j-l j-l 
d. 2 
+ ~ Tj +1 id} - --+ 4h. J 2r j-i d j-l h j-l 
T. = 
J 
••••• 
o 
(9) 
Lastly, elements in the hub, Fig~ Se, may be treated similerly, and 
the following equetion results: 
1 
+ -T h2 j+l o ••••• (la) 
Thus a system of simultaneous equations is produced which may be 
solved by the standard Gauss eliminetion technique to obtain the 
full temperature distribution in the bell of the disc. 
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1.4 Dynamometer Tests 
For the rut-pose of comparison with temporaturea predicted by the above 
theory e series of dynamomater teats were conducted and temperature 
measurements were taken for various types of braking duties. The 
dynamometer was of the standerd inertia type as used by most brake 
manufacturers, being similar to those described by Parker (17) and 
Newcomb (6). A motor drives a bank of flywheels, the number of fly-
wheels being utilised for a particular test depending upon the brake 
duty being simul'ated. The brake disc is bolted on to the other end 
of the driving shsft, snd the braking force is applied by means of 
calipers in the normal manner. By choosing appropriate values of 
inertias, rotational speeds and applied caliper pressures, the rata of 
energy dissipation can be controlled so as to simulate braking of a 
particular vehicle weight from a given initial speed at a given 
deceleration. 
The disc instailation on the dynamometer is shown in Fig. 6. 
The disc used for the tests is shown in fig. 7a, and in fig. 7b the 
.positions of tha thermocouples used to maasure temperatures are given. 
Thermocouples marked Tl and T2 were static and rubbed against the 
rotating diac. As these were maasuring temperatures on the rubbing 
path of the disc, any other way of doing this measurement would 
interfere with the caliper assembly, and the loss of accuracy involved 
in using this method had to be accepted. Thermocouples T3 to T7 were 
attached to the surface of the bell and rotated with the disc. The 
output from these wes taken through a slip-ring unit on its way to 
the recording apparatus. Although the output from the slip-ringunit 
contained a certain amount of spurioue noise, the level of accuracy 
in general was considered acceptable. 
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From Fig. 7b it will be seen that thermocouples T 3 and T 4 are 
situated directly opposite thermocouples T 6 and T 7 respsctively, on 
either side of ths bell. This "'BS done to test the assumption that 
the tsmperGturBs did not vary significantly through the bell thickness. 
Be fors going on to describs the dynamometer tests and results in general, 
it is worthwhile to dwell a little on this aspect of the tests, as from 
this some idea may also be obtained of the general level of accuracies 
involved here. 
During the "drag" braking sequences, when the brakes were constantly 
applied against the drive so as to maintain a constant rotational 
speed, tha objective was to obtain a steady temperature distribution 
over the disc I"ith the rotor maintained at a given temperature at its 
inside diameter. However, due to fluctuations in the braking force 
and rotational speed, draughts in the testing bay and other extraneous 
influences, and also limitations of the recording apparatus including 
observer error,' the temperatures recorded over a period of time showed 
fluctuations reaching maxima of about 6_7 0 C amplitude. 
Fig. B shows this effect during 'a ten minuta period of drag braking 
o for a rotor temperature of 300 C, the temperatures recorded by thermo-
couples T3 , T4 , T6 , T7 being displayad. It mey be observed that the 
temperatures at positions 6 and 7 are generally higher than those at 
positions 3 and 4 respectively, but the differences are slight, being 
in general less than about 70 C. Part of the explanation for this 
quite consistent pattern is probably that due to the offset of the 
centre-line of the bell with respect to the rotor at the junction of 
the bell and rotor, the surface of the bell on to which thermocouples 
T6 and T7 were attached was nearer to the braking surface. Another 
probable reason may be that this surface was less exposed to the air, 
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as can be seen from Fig. 6. Howaver, this orrior of discrepancy 
is tolerable and the results quoted for these positions are the 
mean values of the temperatures on the two opposite surfaces. 
The assumption in the theory previously outlined that the temper-
atures were constant across the thickness of the bell is therefore 
considered Justified. 
Drag braking tests were carried out for rotor temper'ltures at the 
. 0 0 000 1nside diameter of 100 C, 200 C, 300 C, 400 C and 500 C, and 
temparatures given by the surface tharmocouples were recorded. 
The intention then wes to compare these temperatures with the results 
predicted by that part of tha theory which covers steady-state 
conditions. It is, however, clear that in order to utilise the thaory 
information is required concerning the values of convective heat 
transfer coefficients for the disc installation. As pointed out 
earlier, studies ars proceeding elsewhere on the magnitudes of these 
coefficients for the disc installations on vehicles (15)(16), and 
it is not one of the objectives of the present rosearch to investigate 
this espect. It is possible, neverthaless, to guess the likely values 
of he et transfer coefficients that may be prevailing for this disc 
installation on the dynamometer, to perform the computations resulting 
in the steady-state temperature distributions in the bell, 8nd to 
compare with the experimentally determined values of temperature. 
Then by a procsss of trial and error the appropriate value of heat 
transfer coefficient is obtained as being the one that gives the 
best fit with the experimental results. 
Fig. 9 shows the curves that result by using this technique. The 
value of convective heat transfer coefficient finally used was 
0.003 Btu/ft2sOF, and it may be observed that good compatibility is 
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achieved with the experimental results for all five cases of drag 
braking. 
As the test disc was made of 8.5. Grade 17 cast iron, the following 
values were used for the material properties : 
k = 0.0084 8tu/ft
2
s
0
, 
cp = 0.14 8tu/lb
o
, 
ra = 455 Ib/ft3 
The next dynamometer test was that involving transient temperatures 
in the disc. This was a rather severe test which simulated a vehicle 
of weight 2 ton brought to rest from an initial speed of 100 m.p.h. 
in 14 seconds, the deceleration therefore being 0.326g. The theoretical 
and .experimental temperatures are shown in 'ig. 10. It was unfortunate 
that the rubbing thermocouple placed at the inside edge of the rotor 
T2 failed to record successfully while the disc was rotating, but did 
produce a measurement at the end of the brake application. Due to 
other demands on the usage of the dynamometer it was not possible to 
repeet the test after the fault had been rectified. 
From 'ig. 10 the fairly close correlation between theory and experi-
ment for thermocouple Tl may be noted. Considering the lack of accuracy 
inherent in using rubbing thermocouples and also some of the assumptions 
made in the theory, a wider margin should be expected at this point, 
·and the smallness of the discrepancy is probably accidental. The 
discrepancies between the theoretical and experimental temperatures 
at positions 3 and 6, on the other hand, seem somewhat alarming. 
The explanation for this can be seen if the temperature distribution 
over the bell is plotted at the end of the brake application Fig. 11. 
It should be noted that a very steep temperature gradient exists in 
this region, and the experimentally determined points do lie quite 
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close to the theoretical curve when plotted this way. In general, 
however, there is a definite trend noted that the theoretical 
temperatures are rather higher than the experimental· results. 
The reason for this is probably contained in the fact that the thaory 
is based upon idealised conditions ignoring energy losses other than 
those at the braking surfaces, but the discrepencies are tolerable 
within the limits of the investigation, ·end in eny case err on the 
. safe side from the design point of vie·w. 
Finally, it should be pointed out thet for e single brake application 
lasting a short time, such as the one described here, the values of 
convective heat transfer coefficients do not have any significant 
effect on the temperatures. This was found by. performing the comput-
ations for various likely values of hc and is in line with the conclusion 
drewn by Newcomb (6). Virtually all the heat generated flows down the 
bell of the disc. 
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1.5 Discussion 
It was pointed out in section 1.3 that by using approprjate 
exprassions for the heat generation at the braking ·surfaces, any 
type of braking duty could be simulated, and the resulting 
temperature distributions computed. It was also explained that 
for long periods of braking the computation time bacama excassive. 
Therefore, in the operational program to be used by disc brake 
designars, steady-state temperature distributions occurring after 
prolonged brake usage were to be calculated by assuming certain values 
of steedy rotor temperatures based upon pravious experience. It is, 
however, of interest here to apply tha prasent theory and comput.er 
program to two cases of prolonged braking by vehicles and to observe 
the rise in temperatures of the discs. The two cases ara: 
a) Repeated braking - a .vehicle of weight 3000 lb. braked 
repeatedly to rest in 5 seconds from an initial speed of 
50 m.p.h. The cooling period between brake applications 
was 55a, the cycle time thus being 1 min·ute. 
b)· Steady braking - a vehicle of weight 3000 lb. braked 
steadily so as to maintain a constant speed of 30 m.p.h. 
while travelling down an .incline of 1 in 15. 
In long-term braking such as in these two examples, the value of 
convective heat transfer coefficient for the disc has a very important 
bearing on the temperatures reached. In choosing appropriate values 
to use for thase two hypothetical cases the results due to Newcomb 
and Millner. (15) were consulted. It wes found that the value of 
/ 
2 0 0.003 Btu ft s F determined during the dynamometer tests outlined in 
tha previous saction is a reasonable estimate of values occurring in 
many types of disc installations in vehicles. This value was 
therefore used for both casas. 
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The design of brake disc used for both the examples is that. shown 
in Fig. 7a. The temperatures examined were those at two positions 
on the. disc: the rotor periphery, and at the mounting flange. 
In Fig. 12 the temperature build-up during repeated braking is plotted. 
The fall in t~mperature during each cooling period can be clearly 
seen for the rotor, but further down the bell towards the mounting 
the temperaturas continue to rise constantly as heat is conducted 
down from the hotter regions near the rubbing path. After. a period 
of time the heat lost during each cooling session becomes equal to 
the heat gained by the disc during the brake application, and the 
maximum temperature actually achieved during each cycle will not 
exceed a certain value. In this illustration this value at the rotor 
. 0 
periphery was 310 C. 
The temperatures reached during steady braking down an incline are 
plotted in Fig. 13. This shows that. steady-state conditions are 
reached after about 20 minutes. Two points regarding those temperatures 
are of interest. Firstly, the. high temperatures reached while braking 
down what 8eems a moderate incline ars the outcome of tha assumptions 
made in the theory, in particular that the vehicle was braked in 
neutral gear, and that energy losses due to friction and wind-resistance 
were to be neglected. In practice the temperaturas achiaved will 
usually be less than these. Secondly, the comparatively low temper-
atures reached for what appears to be a rather severe test of repeated 
braking, arise due to the lengthy cooling period involved. Thus 
although the rate of heat dissipation is much higher during a brake 
application for the case of repeeted braking, the average amount of· 
heat dissipated over each cycle is ebout half the·amount for a 
corresponding period of steady braking down the incline. 
-28-
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The results for the steedy-state temperatures achieved may be 
beneficially employed to check on the validity of the theory and 
computational procedures. This wes done by using the temperature 
at the rotor inner edge as the and condition for the steady-state 
temperature theory, and calculating the corresponding temperature 
distribution along the bell. As identical temperature distributions 
we"re obtained by the two theories, the validity of both may be 
considered proven within the "limits of the assumptions. 
Much has been said" regarding the importence of having appropriate 
values of convective heat transfer coefficients for particular disc 
installations. An important question "arises: to what extent would 
the predicted steady-state temperature distributions be affected by 
the choice of inaccurate values of these coefficients? To enswer 
this question Fig. 14 may be exemined. In Fig. 14 the steedy 
temperatures existing over e bell 2 in long and 0.2 in thick for 
o 
a rotor tempereture of 500 C. are plotted, and thrae differant valuee 
of heat transfer coefficients are assumed~ It may be observed that if 
. /20 the actual value of this coefficient was 0.002 Btu ft s " and the 
/ 
2 0 
wrongly assumed value" was o.ooB Btu Ft s '. the actual tamperature at 
"" the mounting would be about 800e higher than predicted. In general, 
provided the" velue assumed was not too inaccurate, the resulting 
temparature distribution would probably not be ~ntolerably arroneous. 
This is becuase the temparature distribution does not depend only upon 
convection, but also upon conduction into the hub. 
Steady-state tamperature distributions down the bell mey be treated 
by certain standard analytical techniques for some simple bell designs. 
Carslaw and Jaeger (18) treat the cese of steady temperatures in a 
semi-infinite rod in which the end x = 0 is maintained at a constant 
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tamperature To above ambient. the solution for this being 
T = ••••• (ll) 
where T is the excess temperature above ambient at a distance x from 
the hot end. 0( is the· thermal diffusity, and 
hcp 
V =-
. cprA, ..... (12) 
where the notation is as before. but also p is the perimeter and 
Al is the. cross-sectional area of the rod •. 
Applying this to the bell of a disc the assumptions implicit ere 
as follows: 
a) the bell must be of constant thickness; 
b) the cone-angle of the bell must be small; 
c) the bell must not be too short; 
d) the heat transfer coefficient must not be too low. 
It is clear that the above.amount to quite severe limitations in 
the applicability of the simple th~ory to the design of practical bell 
shapes. The numerical method described here carries none of these 
limitations. However, this simple theory may be used to further 
assess the validity of. the numerical technique iri the following 
manner. 
Putting appropriate values for perimeter and cross-sectional area in 
Equation (12). i.e. p = 4~r, Al = 2Wrd. 
2hc 
V '" c;;fd 
• V 2h cpf 
•• '" 
c 
0(, cpl"d k 
2hc 
'" kd 
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Putting ./-(.2 = 
~quation (11) becomes: 
T = 
. -:/(x To e 
••••• (13) 
Thus if 10910T i.s plotted against x the resulting straight line has 
a slope of -~loglOe. 
The above simple theory was applied to the dynamometer drag braking 
test for a rotor temperature of 5000C. The bell, which varied in 
thickness as may be seen from Fig. 7a, was assumed to have a constant 
thickness of 0.17 in. This '"as calculated as being the weighted mean 
of the actual bell thicknesses. The comparison of the results obtained 
by the simple theory and the present numerical method, shown in Fig. 15, 
indicates the marked discrepancies p,esent. 
If the numerical method is valid, it may be axpected that for a 
(mathematically) long, cylindrical bell of constant thickness, the 
numerical results should agree with the results from the simple theory. 
Ih Fig. 16 such a comparison is shown for a bell 2 in. long end 0.2 in. 
thick. It can be saen that good correlation is obtained. As expected, 
bearing in mind assumption (d), the closer agreement exists for the 
higher value of hc • This provides a further vindication of the 
present numerical method. 
It is worth reiterating here that the main objective in developing 
this technique for calculation of temperatures in brake discs is to 
provide the necessary basis for evaluation of the thermal stresses 
and distortions in discs. This is within the context of the present 
research. However, this part of the project has produced further 
useful information, such as the effect of convective heat transfer 
-31-
Z-7 ----------~ 
1 
'" 
x 
"" ~ 
v 
• 
III 2-"\ 
V. , 
... 
It 
-It 
.. 
(I. 2'3 
l 
-----
" 
x 
~. 
~- --
" 
x ~ I I 
"-'" t-
III 
III ~ )( 
'" Z-2 \J 1----- -
l( 
bI 
-.J 
rn 
0 
.- c-' 
1 
2.-0 - ---.-----~--.-' 
o 0-8 
F.Lg _ 1.5 _ . V!\fi lA TT ON OF Lex:; (EXCESS. TEMPEriA TURE ) 
AGA ~NS T D [ STANCE ALONG TilE BELL OUR lNe 
DYNAMOME TER DRAG rES TS 
~ 2'S I---·-~----""'------r -.-, 
........... ,x 
III .............. 
" ............ I( j 
t-
o: 
~ 
r 
.~ 
• .. 
.. ~·O 
III 
If 
~ 
)( 
III 
'-' 
... 
----l---~..d---_+--
---.--1---
I 
I 
I 
I ~ "6 ______ ~~ __ . ____ ~ ________ _4--- --,-"------.--
r-. 2.·8 u 
• 
.. 
'" :l 
t- Z· ... c 
",' 
III jI. 
~. 
If 
... 
\It ~·O 
.. 
101 
U )( 
W 
<oo.J 
IT' 
o 
... \·G 
o 0''''1 O'S ,"a 1·6 2'0 
t>ISTI'I:NCE "'L.Otl<r. llEL.L FROM ROTOR. vn 
,.--- .. -- .-.--.. --.... ~. 
-X--.;. 
-x __ 
- ~-
x_ 
. 
f-----. . x -::::::; 1-'-'-_. 
.... 
X· 
---. 
. 
.. 
I 
, 1 
-
o o·s 
t>I$TI'INce AL.ONO BIiL..L.. .. ROM RO"TOR. ..... 
b. he .= 0'002. Btu./ ft's OF 
I 
1 , 
I 
. 
J 
a·o 
J>ig. It>. VARIATIO~ OF LOG (EXCF.SS TEMPERATURE) 
F()R CONSTANT THICKNESS BELL 
coefficients, likely.te~~erature qradients doWn the bell, and 
possible hub temperatures. This work was published by thn 
Institution of Mechanical Engineers as a paper for Written 
Discussion (10) and many of the points discussed here were given 
as part of the Author's Reply to comments made by contributors. 
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CHAPTER 2 - NO-CONING BRAKE Discs - THEORY 
2.1 Introduction. 
In the introductory chapter the kinds of distortions occurring in 
a brake disc were discussed, and it was shnwnthat a technique for 
minimising these distortions may be devised. In applying this 
technique to the design of discs it was explained thAt the risk was 
incurred of weakening the ball region with the likelihood of causing 
failure. The necessity arises, therefore, of conducting a stress 
analysis of the bell region. Such a stress analysis ,"ould also 
yi~ld inf6rmation regarding the deformations of the disc. It would 
also produca values of the forces and moments present, these results 
being essential for applicat ion of the no-coning design technique. 
Likely methods of approach to this problem may.now be examined. 
A glance at Fig.4.shows that the region of interact, the bell of the 
disc, will generally be of a shell configuration. So as not to put 
undue limitation on the designer"s choice of solutions, it can ~le 
stated that. the rotor and the mounting flange may be joined by any 
shape desired, with, however, two restrictions. Firstly, the bell 
should not be unnecesserily thick-walled, in order not to incur the 
penalty of excess weight and also to provide for adequate hfJat 
dissipation. Se60ndly, the d~sign must be axi-symmetrical. This 
wide latitude parmitted to the designer means that he may experinent 
with many ingeninus ways of obtaining adequate heat dissipation, 
acceptable distortions and sufficient strength, when, for instance, 
the space allowed him for insertion of the disc braka is restricted. 
Fig. 17 givBs exemples of some disc designs considered in tha past. 
As the shell is to be allowed a' gen"'ral meridional shape and may vary 
in thickness along its length, it is obvious that an analytical approach 
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may at once be ruled out. Considering the numerical techniques 
available for solution of shell problems, the use of finite 
difference or finite element method~ .for this application seems 
quite appropriate. A simpler and more direct approach in this 
case, hm"ever, is based upon step-by-stop integration of the shell 
equations when cast into the appropriate form. 
The difficulty with step-by-step integration techniques is that a 
build-UP of error occurs as the integration proceeds, and although 
for short shells the accuracy achieved is acceptable. fo·r longer 
shells the .method breaks down. Kalnins (19) and Kraus (20) have 
explained how the method may be modified to cope with shells of any 
length. However, in the present prDblem it is fortuitous that in 
general brake discs have bells that fall into the "short" shell 
category - disc designers are not usually allowed much space in which 
to place their creations - and this difficulty should not arise. The 
present applicetion also fulfils another requirement for the apt use 
of this technique, namely,· that only one independent variable is present. 
This variable may be chosen to be either the angle made by the meridian 
to the shell axis, or the distance elong the meridian. 
It may be observed that except in rare cases the bell shape can be 
expected to be made up of regular configurations such as cones, cylinders 
and flat circular plates. Striking simplifications can be achieved in 
the method of solution if conical shell theory were to be epplied, 
~nstead of the theory relating to general shells or revolution. Hence, 
in the present work the theory for conicel shells es applying in this 
case will be developed. The bell shape will be idealised as consisting 
of a number of short conicel frustra, as shown in Fig. lB. Each Frustrum 
is of constant wall thickness and.cone-angle, but the thickness and 
-34-
Fig. ltl. fDEI\LISATIOO OF BRAKE ·DISC 
angla of adjacent frustra may be different. Each frustrum ",111 be one 
step-length in the step-by-step.integration technique; this means that 
these intervals can be chosen according to the accuracy desired. More 
complicated bell shapes, if they do occur, mey be approximated by these 
conical frustra, with a little loss of accuracy. The point should be 
made that the equations derived would indeed degenerate to those 
applying to cylindrical shells and circular plates in the two extreme 
cases. 
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2.2 Material Effects. 
Allhnuqh brake digcs llave been manufacturad of ateel, aluminium, 
copper and beryllIum, the material in most common use at the prE!sent 
time is grey cast iron, normally conforming to B.S. Crades 14 or 17. 
The advantages grey cast iron is said to possese for this application 
(21) include economy, eage of machining, resistance to wear, low 
modulus of elasticity and high compressive strength. The last two 
properties mentioned are particularly advantageous·in thermal stress 
applications. Ho",ever, cast iron also possesses one majar disadvantage 
which is felt particularly by the designer. This problem concerns the 
complicated behaviour of cast iron under tension, a point prominently 
made by the British Cast Iron Research .~ssoci"tion in their publication 
on engineerinQ data (22). 
Work done by Gilbert (23) (24) has highlighted the fact that the modulus 
of elasticity for cast iron decreases "ith increasing stress. This 
behaviour has been attributed to the presence of graphite flakes in 
the iron. It waS proposed by Gilbert that under tensile stress the 
spaces occupied by the graphite are enlarged, and only close partially 
when unloaded, thus causing an amount of irrecoverable strain. Such a 
phenomenon does not occur under compression, and the stress/strain 
relationship is linear. 
Fig. 19 shows the stress/strain curve for three grey cast irons under 
tension and compression at room temperature. Palmer (25) quotAS data 
obtained at high-temperatures for tension only, end this is reproduced 
in Fig. 20, No results are available for the corresp0nding tests in 
compression, but Gilbert (26) hae stated that the behaviour will be 
similar to that in tension regarding the change in properties with 
temperature, but that the strength in compression wil.1 be much higher. 
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Despite the non-linearity of the stress/strain curve in tension the 
accepted procedure in design calculations for cant ,iron In tn 11ge a 
li.near stress/strain relationRhip based upon tho average modulus of 
elasticity for the portion of the curve corresponding to low stress 
levels. The justification for this is mainly that cast iron components 
are generally designed to have working stresses which are about 3 or 4 
times less than the tensile strength. For the type of cast iron tested 
with results shown in Fig. 20, this corresponds to a stress of about 
5 tonf/in2 at temperatures below 4000 C. It may be observed that the 
deviation from linearity is small for this range of stresses. 
Thisrea~oning can be applied to the present problem too. In general 
the stresses occurring in s~rvice will be low, and failure, if it 
occurs, will be due to fatigue. In exceptional cases of severe braking 
duties the stresses may be high enough to fall into the region uhere 
the stress/strain curve exhibits marked non-linearity, but these 
occurrences will be rare. 
If a truly norr-linear theory were to be employed for the probleM, the 
existence of a two-dimensional stress system would lead to much 
complexity in the method of solution. The difficulties in solution 
are further eggrevated due to the fact that' the stress/strain curve 
for'cast iron in tension is different from the curve in compression. 
Also, the true stresses and strains in cast iron components depend upon 
the history of loading (23), which is a further complication, although 
this effect is not prominent at low stresses. Bearing ,in mind also 
that the engineering properties normally show considerable scatter (22), 
with variations from betch to batch and dUB to casting size and shape, 
the application' of non-linear theory to the problem was not considered 
justified. However, it will be shown later that an approximate method 
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for allowing for this non-linearity in calculating the stresses may 
be used, which leads to an improvement in accuracy without causing 
unacceptable complicetions •. 
The question then arises as to how the predicted stresses in the brake 
disc are to be interpreted; what should the maximum allowable stress 
be? The proposed answer to this is that a range of discs should be 
designed to carry a wide range of predicted maximum stresses. The discs 
should then each be subjected to an endurance test on a dynemometer, 
simulating a carefully drawn-up schedule of brake usage on a vehicle.· 
A statistical. analysis of the results would yield a practical design 
. guide for the brake designer. This is discussed more .fully later. 
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2.3 OerlvAtion of Equations. 
The ~h"J 1 theory used will be based upon the treatise by Flugge (27), 
in which the fundamental assumptions Hre common to most int~rpretations 
of the theory or thin shells. These are as follows: 
1) all points lying on one normal to the undeformed middle surface 
of the shell lie on the same normal after deformation; 
2) the displacaments in the direction of the normal to the middle 
surface are equal for all points on the normal; 
3) the stress normal to the middle surface is negligible compared 
to the other principal stresses; 
4) the displacements are small compared to the principal radii of 
curvature. 
One point of special interest in Flugge's work is the retention of Some 
higher-order terms in one set of shell equations developed by him (28). 
In most shell analyses this higher-order. theory is not used, the 
simplified theory bein9 considered adequate in general. A search of 
existing literature has revealed that no systematic· investigation has 
boen carried out into the influence of the tligher-order terms on 
accuracies achieved for different ratios of shell thickness to diametor. 
The effect of these terms is that through these the forces are influenced 
by the chenge cif curvature, and the mnmentR ere influenced by the 
strains in the middle surface of the shell. The effects would be 
expectad to be more substantial at lower diameter/thickness ratios, 
which is a situation that is often likely to exist in the bell of a 
brake disc. It will be seen leter that the inclusion of these terms 
poses no extra difficulties in the present method of solution. It was 
therefore decided to retein these terms in the equations, with the 
understanding that at a later stage they could, if desired, be readily 
removed. Even if this higher-order theory resulted in no Significant 
increase in accuracy in the solution of the brake disc problem, an 
-39-
investigation intn these effects on a range of shells subjected to 
th8rrilOl stres!l ,"ould he a u9Bful by-prnduct of thl3 main line of resNH'ch. 
Fl't.igge's general approach in treating 8xisym'I!etrical shells is as follows. 
Forces and moments in a shell element are considered and a set of 
equilibrium equations are derived. Then the deformation of the element 
is examined; by looking at the geometry of the deformed element the 
strains at any point in the wall of the shell are expressed in terms 
of the displecements and the co-ordinates. The expressions for strains 
are entered into the stress/strain relationships, and the resulting 
expressions for stresses substituted into the expression for stros9-
resultants. After performing the integrations over the thickness of 
the shell, the equntions obtained express the stress-r8su1tants in 
terms of the shell rigidities, displacements and their derivatives, 
and co-ordinates. These equations are teI1l18d the "elastic law", and 
are then manipulated together with the equilibrium equations to suit a 
particular analytical solution. Thermel effects are not considered. 
Where Flugge's enalysis.applies directly to the present r!lquirements, 
the equations'deriiled by him will be quoted ,.ithout deri-Jation t1Hre. 
In the analysis that follows provision fs made for the inclusion of 
temperature terms, conical shell theory is usnd from the outset as this 
brinc!s simplification to the treatment, and the equations comprisinr; 
the elastic law and equilibrium effects are eventually, after manip-
ulation, cast into a form suitable for direct step-by-step integration. 
A point to be noted is that when integrating step-by-step, it is most 
convenient to use variables that are continuous at the junction of 
adjacent elements, which may possess different cone-angles from each 
other. It will be seen, therefore, that the independent variable will 
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later be changed from the ·meridional co-ordinate s to the cone radius r. 
The dependent \J<lriables t the quantities under invp.stir;intion, tJli~l I~O 
thA radial force H, the meridional bending moment Ms, the radial and 
axial displacements U and V respectively, and the rotation X. The 
governing equations will be cast in terms of thes8 quantitjes. The 
hoop force and moment, Ne and Me, are also required, and will be 
evaluated after the other quantities are known. 
n"Ligge (27) [Ierives the following equations of equilibrium for a 
conical shell: 
o 
+ ~ (Nes ) sec~ - NB· = - PS5 
Ne tan '-'<. +.; f! (QB) seco< 
+Nes 
~ 
+-ds 
Q.,. tan 'X = - PeS 
= 
= r'les tan 0( 
These equations may be simplified for axial symmetry as fellows. All 
derivatives w.r.t. B are dropped. The sh'Jaring forces Ns .. and ;;es, the 
twisting moments Mse and ~les, the transverse shear Q.,., and the load 
component Pe' all vanish. In the pres~nt problem the load components· 
Ps and Pr are zero, and finally 0( is replaced by tt·,e cone half-angle f1 
by putting "< = (90-,8). Thus the following equations '.lre obtainaci, 
in which the positive directions of the forces and moments gre as 
aiven in Fig. 21: 
-41-
H 
·,., 
• 
Fig. 21. FORCES AND MOMENTS· ON A corneAL SHELL EI.E~iEi\T 
.j (sNs ) Ne 0 ris = 
N" cntf3 
d (sOs) + = r1s 
cl (sMs) M", sOs ris -
Elim{nating N" from Eqs. (J4a. b): 
d 
ds 
Integrating 
Hence 
cot(3 d +-
. ds 
· .... (148) 
0 · .... 
· .... 
= o 
constantis 
But .this 8xpressinn is the axial resultant of forces, wl,icl1 in the' 
present problem is zero. Equ~ting the expression to zero and 
re-arranging 
- Ns cotf3 (15) 
Res~1ving the forces Ns and Qs in the radial directitin ·giv8S tho ra[lial 
force H 
Ns sinf3 - Os cosfl =. H 
Usin~ this expression along \~ith [q. (15) to express Ns and as in 
terms of.H 
Ns = H sin f3 • •••• (16a) 
(ls c -H cos f3 · .... (16h) 
50bstituting·for Os in Eq •. (14c) and rearranging 
dl'ls 
.s ds + sH cos{3 = o • •••• 
The rieformations may now be considered. Fl"Ugge (27) derivl<s the 
following expressions for the strains at a distance ~ from the mirldle 
surface of a general shell in which till'! princi,.a1 radii of curllaturn 
are r1 'lnd r2. r1 bein·g the radius of curvature of the mer; dian and r2 
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beln!} tt!8 djstance along the normal to the mRridian from the shell. 
axis: 
Es 
1 .~~' 1.- 1 >, r J 
-..£ 1 ~21J1 ;1, 
= ~ - ~ W 1'1 1'1 1'1 r1~' 1'1 r1~ 
1 
" lu .L "2h ~ W (18a) +-
"5i ~ + • •••• r1 r1 r1~ r1~ 
Ee 1. ;:'u u' 
rl~ 1 ~ ... = ~. + cot J1-- rsJn~ r r1 r2~ r2""" 
1 .)w y! .....L III (ISb) 
-- ~ cot +-- · .... rl r2+;1, r2+z 
Where ~ is t),A mr3ric:ii.onal co-ordjn~lte, being t.he an(].le bett';8~jn the 
s~le11 normal and the axis of revolution. 
These equations will be simplified for 8xial symmetry by dropping 
all deri\lati\les ,".r.t.El. The meridional co-ordinate .may be changed 
by the relationship 
d ( 
dyi 
) 
= 
d 
ds 
( ) 
where s is the meridional distance from the apex of the cune, and the 
cone~ang1e (3 may be int roduced by substituting 
. % = 90 - f3 
Then Eqs. (lBa, b) b8comes 
1'1 r1 . dr l r 1 
2 
d2w dti "if ;; ;; 
Ea -- -tl ds 1'1 r1 ds r1+;1, r1 ds 2 rl~ 
r 1 ~ .:i drl ~ ...l!L.- (19a) +- + 
. r1 ds r 1 ds r 1+;1, r1~ ••••• 
Ee = • •••• (1gb) 
For a conical shell 
and = l' 
coafJ 
r'iaking the:A8 subst.itutions in the express; on;~ for strains, 
Eqs. (198_ b), ann porforming the algel-;ra, tlw follol;Jing AqU8tinns 
are obtained: 
E.s = .!i::! ds 
E~ = (',; sin(3 - .. sin{3 dw ds + w cos/'>l 
••••• (20a) 
1 .. (- - -- cosfJ 
r 2 
r 
..... (20b) 
where in expanding (1/r2 + .. ) powers of .. ahove three are neglected. 
Ecs. (20a, b) give th8 total strains. [If primary inlerest are the 
strains that cause stresses, so that it is appropriate now to separate 
the component of strain due to thermal expansi on only. In Es this 
thermal strain is simply KT, but in Ea its contribution is complicated 
because of assumption 2) i,asic to the' shell theory. Fig. 22 shows a 
segment of the wall of the shell viewed in the plane perpendicular to 
the shell axis. Considering the ring on which the point A lies, at a 
distance .. along the normal from the middle surface, the initial 
circumference is 211" (r + .. cos!!). l,hen a uniform rise in ter;]perature 
of T is experienced, asslJmption 2) states that every point on the nor.mal 
undergoes the same displacement as the middle surface, i.e. equal to 
'trT, which is a change in circumference of 21T~ rT. The hoop [,train 
at'the point .. due to the rise in temperature is thus 
The above values may be subtracted from the R. H. S. of £qs. (20a, b), 
and after expansion of l(rT/(r + .. cos(3) and simpiific2t,ion, the 
following expressions finally result for the strains that cause stress 
in an axisymmetrical conical shell: 
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lS'T (21a) 
= · .... ds 
rls 2 
£ .. (-,; sin /J - .. sinf dw cos (!> 6rT) = ds + w -
( 1 ;!- cos{l ;!-2 cos2 (3 ) (2lb) 
- + ..... r 2 r3 r 
The strains are related to the stresses by Hooke's Law: 
(l""s = -L- (Cs +. V(e) l-iZ . · .... 
(22a) 
E (Ee t-1 "6) ~ " + 1_,,2 · .... (22b) 
and FlUgge (27) gives the following equations relatin~ the stress 
resultants to the stresses for a general shell: 
rh Ns = 6""5(1 + £.) d., • •••• (23a) 
. r2 
-d/2 . 
~dh ;(, Ne 
" 
0 .... (1 +- ) d;!- • •••• . (23b) rl 
-diz . 
f/2 ;; Ms " - Os (1 +- ) ;; d., • •••• (23c) r 2 
-djz 
fl Me _ 2er .. (1 ;; ) ;; d;!- (23d) " +- ••••• rl 
-dl 2 . 
It will be noticed that in the above expressions the distance along 
the normal, ;(" has not been neglected in comparison id th the radii 
of curvature. This is in keeping ~ith the derivation of the Bxpressions 
for strain, and is the ploy that leads to the extra higher-order terms 
mentioned earlier. At a later stage the effects of these terms on 
the results will be investigated. 
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I I Adapting [qs. (23a-d) to conical shp.lls by putting q -;;> m and 
r2 = r/ens f3 , the follo~ling 8xpressions are obt,li,ned: 
rh ;!; cos (3 Ns = o-s (l + ) d;!; • •••• (24a) r 
-dh 
Ne 
=r
h 
6"",. • •••• (2<1b) 
-dh 
Ms ~h ~(l ;!; cos (3 ) ;!; d;!; (24c) 
= 
+ · .... I' 
-d/ 
' 2 
jd
h 
, Me = ' ,Cf9 ;!; d;!; • •••• (21'd) 
-d/ 
, 2 
The strains from Eqs. (21a, b) are now substituted into Eqs. (22a, b), 
and the stresses thus obtained are inserted in Eqs. (24a-d). ThA 
integrations are performed, and after simplification the resulting 
equations express the stress resultants in ter.",s of t.he displacements. 
The procedure is tedious but str~ightfcrward; for this reason only 
one such derivation will be undertaken, hy "'ay uf illustratinn, and 
the eventual results for the remaining three stress rasultants will 
simply be quoted. 
Substituting for £9 and £8 fr'om Eqs. (21a, b) into Eq. (22a) and 
inserting the resultin~ exr'ression for Cl. into Eq. (.24a), 
Ns = l~;; rh [~ 
-dh 
-u;!;2 sin [3 cas2 f3 ;!; sin [3 dw 1,2 sin !3 cas (J dw 
+ + 1'3 I' ds r2 ' ds 
.. 3 sin (3 cas2{3 dw w cos (3 w1, cos2f! w .. 2 cos3(3 
-+ + 
r3 ds I' r2 r3 
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Integrating 
Ns = 1:V2 [ ~ ~~ ~ 
't[ sin (l cos (J 
r2 
sin/3 cos/3 dw ~ 3 
+ 
r2 dS3"-
o· sin f! cos p, 
r3 
sinj3 cos2f') 
r3 
w cos2f! ~2 w cos30 ~:\ <iT~ + --r2 2 r3 3 
f)} + 
~3 sin f1 ~ ~2 
3" - r de 2 
dw ~4 cos~ ~ w 
--+ ds 4 r 
(IT cos(3 ,,2 
+ r 2 
I.r sin (3 cos fl ~3 
r2 3 
. I.'· sin !3 cos26' ~ll sin/? ~ t!3 
+ --r3 4 r de 3 
sin (3 cosA dw ;f.4 sin (l cos2~ dw ~5 
+ ? 
, 
r-
w cos(~ .,2 
+ r 2"-
~T cos (3 + .::..:.,...:;;,:::.:::..<.;;.. 
r 
ds --4 
w C092 f} .,3 
2 -3 + r 
r3 ds 5 
-d/" 
. ,. 
!iT .,2 
2 
2 . 
Putting in the limits, noting that terms containing ~ vanish, and 
neglecting powers of ~ greater than three, 
...L [~ d XTd ,; 1$ sin a d Ns = - + 
1_1.12 ds r 
+ v w cos /J d V lI'Td costl d
2w d
3 ] 
r r de2 12 
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Now ornp.loyinl') thn .r.hnlJ rigidiLiE!S n ;:md I{, !"Iticll I.lrf:-1 thf~ Elxi.onninrl.'l.l 
.;lnci r I.flx!Jral l' i ~J.ldi ti,-~s r'BSPflctiIH),\ Yt :lnd dor.innd 3S 
o En 
= . 1-"02 K = 
the desired equation is obtained. This derivation illustrates how 
the change of curvature d2w/ds2 and the iJending rigidity K come to 
influ~nce the meridional force Ns • and these higher~order eFfects 
arise in a similar manner for Ne. Ms and Me. The resultihg equations 
for these four quantIties at ·th8 en(J. of the process il.lustrated ahove 
are as folldWS: 
= 
.. 
d <!' -J ( . 0 + w cos n) 
- "+ - v Sln ,-' IJ ds r 
K cos /3 
r 
. Ne = 0 l.! ('J" sin (3 + w cos/3 ) + V 2.![ ds 
••••• 
r + K l cos2j3 
. r3 (lisin (3 + w cos(l) .,. 
sin(> cos (? 
r2 
.£!!!. 
ds 
• •••• 
r1s . [d"W v sin (3 dw _ cos(3 d"u cos/3 ~Tl··· • = K - + -+ ds 2 r ds r ds r 
~1 K [ Si~t3 ~ 1J d2w cos(3 ( " sin f3 = + -- + .. ds ds2 r2 
+ W cosj3) cos fJ trJ r • •••• 
(25a) 
(25b) 
(25c) 
(2,jd) 
. The quantities V and w must now be rf3placed lly variables that an' 
continuous between adjoining conical frustrs t as explainerl earlj"~r. 
Resolving U ~nd w in the radial direction, the radial displnce~Rnt If 
is obtained: 
u = 15 sin f3 + w cos ft · .... (760) 
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Ely tl1A 980mfttry of rJefr:'rmatinn, the rot8tj on X is fJj van hy 
x dw = rls • •••• 
Differentiating [q. (26a) ",.r.t. s, substitutLnt] 'or nU/do from 
Eq. (26b), and re-arranging 
du-
ds 
= £hi. --,-'l~ _ ".X' cot n ds sin/3 /' • •••• 
(26b) 
(26c) 
Finally, as r is ta be employed as the independent variable, all 
derivatives w.r.t. s will be replaced as follows: 
d( 
ds = sin (3 
d( ) 
dr · .... (/'6d) 
Using Eqs. (26a-d) appropriately in [qs. (25a-d) And recalling Eq.(16e) 
to replace Ns by H, the following systen' of equations are obtained: 
" H sio(3 
= 
= 
cot{3 X + -.>~ - (1+») !iT] 
K cas 0 sin i3 dX 
r dr 
+ ))~ dr i) cat 13 
+ K [ co:~8 u + sin f1 x-
r2 
l dX v 8in/l K sinp ; + x-r 
cosL (j 
r2 
cos (1 
r 
cos2 (:5 X cos!5 " ~T J + r sin~ + r 
cas !3 
r 
" dX 
V sin!3d; + 
• •••• 
-~T J ..... 
~ 
dr 
• •••• 
• •••• 
(2 7a) 
(27b) 
(27c) 
(27d) 
These four equations plus two of the equilibrium equations derived 
earlier make a system of six simultaneous difFerential equations in the 
six variables H, Ne, i~s' ~ie. U, X. It may be recalled thilt the th erd 
equilibrium equation merely expressed the fact tilat "the axial resultant 
of forces was zero, and as such is useless for the present purpose. 
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These six equations must now be manipulated in nrder to cast them into 
a form suitable for step-by-step integration. 
ny substitution for dUjdr from Eq. (27a), into Eq. (27c), and 
re-arrangement of the resulting expression, [q. (28a) is 8btained: 
( 
~ 0 , r2 " , ~ls + r cos " H - ',; cot(~ U = (Or2-K cos 2f3) I, K dr sin f3 0 
KT l -vrX + v r cot(3 • •••• (2fla) 
Then 
£!l sin {3 + c~t (3 X '1! u = o H -dr r 
K cos (3 sin B dX (1+ U) iT (28b) + Or -+ • •••• dr 
where Eq. (28b) is formed by re-arranger.lBnt of Eq. (27a), once dX/dr 
is knOltJn. 
Reverting now to Eq. (l4a )', Ns may be replaced by H from [q. (15;;), and 
the derivative chanlied by means of Eq. (26d), producing the fo110(,,1ng 
equation: 
sinf.. H + r sin (3 dH dr = o 
Substituting for Ne from Eq. (27b) into the above equation, and 
re-arranging, the third governing equation is obtained: 
dH 
dr = 
H 0 
--+ 
r r 51n(3 
-l U dU - + V - - '1,) cot f3 )C. r dr 
.::.s ",i n,,-,-f3--.::c;,:::o::,s.:.A_ 
2 .x. r 
• •••• (28c) 
Substitutihg for M
ff 
f~om Eq. (27d) into the equilibrium equatinn, 
Eq. (17), and re-arranging:' 
-dr 
M' 
= -~­
r 
cot f> 
+ vK sin6 dX + 
r dr 
H K sin f> X' + r2 
K cos(J 11 
3 -
r 
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-(28c) 
" 
This system of ;;quatinns, Eqs. (28a-d), are a self-sufficient set 
amenable to solution by stAp-by-ctAP into'Jration techniques, given' 
appropriate starting conditions. Ne end Mo may be evaluatnd from 
.Eqs. (27b, d) once the other q~antitieR ere known. However, OnA 
further quantity that is of interest is the axial displacement V, 
and this may be·calculated as follows: 
Resolving the displacements U and w axially: 
v = "COS ~ - 10 sin (3 
Differentiating w.r.t. s., and substituting for dv/ds end dw/ds 
from Eqs. (2Gb,c): 
dV 
ds = 
cos~ 
sin fl 
dU 
ds sin/~ X' 
Using .the relationship Iq. (26d) this expres'3ion becomes, after 
simplification, 
dV 
. cot(3 £.!:!. X dr = dr ..... 
sin2(3 (28e) . 
in which all quantities on tile R.H.S. are now known. The quantities 
U,~,x are shnwn in t~eir positive ~irections in Fig. 23. 
The above sy"tem of equations, Eqs. (28a-e), should be valid for 
axisymmctrics1 conical shells in which' the cone hol f-angle could bfl From 
00 to 900 • Indeed, by substitution of!3 = 900 it may be checked that 
the eQuations degenerate to the conventional equations for circular 
plates under plane stress or bending. For (5 = 00 , however, certain 
difficlJlties arise in the equations as they "tand, and some slight 
modificationsshouJd be made as described below. 
As r is constant for a cy1indri.cal sile11, the differentials should 
no", be w.r.t. s, and this ·is done by using Eq. (26d). T~en putting 
fi = 00 in [q. (288): 
dJ(. 
= ds - -V U + )) r o'T] ••••• (29a) 
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OIlt,o.'N",- POSITION 
--- FIN"',- POSITION 
Fi9. 23. DEFORMATIONS OF CONICAL SHELL ELEMENT 
Performing a similar operation on Eq. (2Bb): 
.ill!. = X ds ••••• (2gb) 
and again on [q. (28c): 
£!!:!. IJ r U V (ill[ 
- X) - (l+'ll)tT J = lr + ds r sinf3 ds 
[~ "' K QJ +-r r2 
Here it is seen that a seemingly indeterminate quantity is created 
by the division of zero by zero. This may however be evaluated from 
Eg. (27a) by observirlg that the expression is zero for a cylinder, 
and hence calculating the following expression which is contained 
in it: 
1 ( ill[ ds x) sin ~ 
in tnrms of the other qu~ntiti8s. Substituting this into the expression 
above For dH/ds, the following equa·tion is obtained: 
£!!:!. 
ds = 
K 
+:7 
r (;r - .!I. + r ••••• (29c) 
r·1odificatinn of [q. (28d) in the same manner by changing the independent 
variable to s and putting (J = 00 , yields sim!,ly: 
dFIS 
ds 
= - H ••••• (29d) 
Considering :next Eq. (28e) the indeterminacy of that 8xpression is 
treated in exactly the same way as the procedure describ8~ above for 
deriving f:q. (29c), and the following equation results: 
£!lL = ds 
vU 
--
.r 
+ (1+»)'6T + L.. dX Or ds ...... 
In order to evaluate N6 , a simple expression is obtained from the 
equilibrium relationship, Eq. (14b). Putting Os = -H, and multiplyin~ 
throughout by sin~, this expression becomes: 
. . dH 
Ne cos (1- s sinf3 dS sinfo H = 0 
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• 
No", putting l' = s sin p. and then /'> = 0.: 
rE.!:!. 
de ••••• 
Me is calculated from 'q. (27d) which for a cylindrical shell 
becomes: 
K ( dX U .. "\1-+-:2-ds l' ••••• 
(308) 
(30b) 
This completes the establishment of the governing equations for the 
problem, and solution of thesa equetions may nmu be considered • 
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2.4 Boundary Conditions. 
The tH:1uncJn.ry conditinns to be, uSAd for soluti!Jf1 of t!1P, r.hAll 
equations derived ,,: 'ove can tie obtained by examininf] the physical 
constraints at the ends of the bell of the brake disc. From FIg.2 
it can be seen that one end is joined to the mounti.ng flange and the 
other end is joined to the rotor. The mounting flange consists of a 
thin circular nlete with a concentric hole, and a number of equally-
spaced bolt holss. The edge conditions may be obtained by consider'"" 
ati0n of the radial and bending stiffnesses of the flange as follows. 
If the bell is a "short~ shell, the radial displacement at the 
mounting flange will be of the order of the radial displacement at 
the rotor end. For ti.e braking duties normally experienced this dis-
placement will be large enough to cause the flange lo OVHrCome the 
bolt friction and. expand with the stiffness of an unbolted flan~e. 
If on the other hand the bell is a "long" shell, the values of force 
and displacement at one end of the bell Ilave very little influence 
of the values of these quantities at the other end. This means that 
an inaccurate estimate of force and displacement at the mounting 
flanQ8 end would still lead to correct values for the junction offset 
and stresses at the rotor end. It foll8ws too that for a long bell 
the force and displacement will in any case be small at the mourlting 
flange. 
This reasoning leads to the conclusion that the radial stiffness of 
the flange, Sf, may be assumed to be that of the unbolted flange. 
A suitable value for this may be readily obtained From standard 
textbooks such as that by Timoshenko (29). 
Sf = 
b S 2 2 2 2;1 1 (b + a ) - V(b - a )) 
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••••• (31) 
-------------------------
in 1I1hich t iB the flange tllicknE:1sG, b in the rJutOl." radius, a is 
tile hole radius, c.md the other symbols ::':re as befol'€:. An equation 
relating the radial force and displacement iJt. the mounting flange 
end of the heLl can thus be '."ritten down. It should be rememb~red, 
hcwever, that during a period of steady braking or repeated braking 
the flange may get quite hot, and allo','ance should therefore he ",ade 
for tile fre9 thermal expansion of the flange. The relat.ion betwBen 
the force fI and ti,e displacement lJ can U,en be expressed as: 
, .... (328 ) 
in ,"hich :1 is the 11011 radius at the mounting flan'Je, and T Is the 
'~8mperature at the flange. 
Considering n~xt the bending stiffness of the flange, it may be 
observed that th8'initial tension in the b~lt~ ensures tll.t very little 
rotation due to bending is allowed to occur. Hence it SUBms probable 
tllat an assumption of zero rotation at ttlis point is adequate. HO\IJ8Ver, 
if SUbstantial bending moments are created here, then even a slight 
amount of flexibility may have some effect on the v~lues of these 
moments. As this seems a case of some rloubt, a VAlue fQr rotatillnal 
stiffness' can be calculated from standard.plate bending theory, as 
outlined for example by Timoshanko and Idoinowsky-Krieger (30), 
incorporating flange dimensions.and material constants, and later 
tpsts should indicate wbether this is e worthwhile procedure or not. 
Treating the flnnge as B circular plnte [)ant by a moment along its 
outer diameter due to the action of the bell, end built-in due to 
the bolt tension at its inner diameter, the conventional method of 
approach Dutlined in Appendix lA laads to the following expression 
for bending stiffness of the flange: 
Sx· Et
3 
. {(b2 + a2 ) v~ (33) = + ••••• 12b(I-"z) (b2 a 2 ) 
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in which t is the flange thickness, b is the outer radius, and 
" is t~le pitch-circle radius of the bolts. Thus the rel~tionsb.ip 
hetween the moment M and rotation ~. at the mounting flange end of 
the bell may be expressed as: 
..... (32b) 
The boundary conditions at the rotor end of the bell may now be 
examined. The rise in temperature of the rotor causes the rotor to 
expand in the radial direction. The much gr~ater radial stiffness 
of the rotor in comparison with the radial stiffness of the bell maans 
that the thermal expansion of the rotor is probably rRstricted only to 
a small extent by the bell. As a first approximation the hell stiff-
nRSS may be neglected in calculating thA radial displacemHnt due to 
thermal 8xpansi~n at. the inside diameter of tho rotor, tills value then 
being used as a bounJa~y condition. n more rigorous approach allowing 
for the bell stiffness would be as outlined belm" and would be adopted 
if tests indicated thet the influence of the bell stiffness was not 
negligible. 
Considering the rotor to be a circular plate ,oith a radial temperature 
variatiun and elastic res~raint at its inside diameter, ~hR following 
equation holds at the inside diameter: 
where Sb is the bell stiffness, Uo is the free thermal expansion of 
the bell at the rotor end, Hand U are the radial force and displace-
ment at tha inside diameter of the rotor. Sb and Uo may be evaluated 
by doing two trial computations as follows. 
An assLlmed value ut f(lr radj a1 displacement: is urW:j as ~ 1.~:)und;J):-y 
condition end the full sr-luti"n f,1' the sheJ.i 8qu~t.ion~, ·j~n:i\JF!·! 
previously is obtained us.ing thl1 tec11ni .... IUp.$ c;'1:;cribed .tn the r1H)o°.t 
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section. This produces a value H' for the radial forco et the rotor 
end, and the following governing equation applies: 
• •••• (a) 
The procedure is repeated using another trial value un, resulting in 
the following ·equetion: 
(U" - U ) 
. 0 
Eqs. (a, b) may be solved for Sb and Un' 
• •••• (b) 
Appendix IB describes how standard thermal stress theory may be userl to 
, 
calculate thfl stresses and displacemont" in the rotor, "ith known 
elastic restraint, as shown above, existing at its inside diameter. 
This gives the actual radial displacement UT at this position, and the 
boundary condition for the bell is therefore obtained as: 
U = UT • •••• (:32c) 
at the rotor ent! of the bell.· 
If the disc is to be designed for no coning, another houndary conditiun 
at the rotor end of tt)e bell becomes apparent: there must· be Zflro 
rotation, 1.e. 
x o ••••• (32d) 
HOb'8ver, if ~ disc has been designed so as to experience nn coning for 
a particular temperature distribution, then fo~ certain other braking 
duties causing different temperature distributions a small amount of· 
. coning ·may occur. It is desirable to estimate the degree of coning 
.undergone in this csse, and this is done as follows. 
From Fig, 24 the nett moment.acting on the rotor about its centre-
line at its inside diameter may be calculated. The radial force H 
acts at a distance p, the junction offset, from the centre-line an~ 
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hence causes e couple pH in the anti-clockwise direction. The moment ~ 
is in thr::- clock\,_d.se diroction. TI18 total moment ther-efore is: 
pH ~I 
and this is what causes the coning. Tt,e rotation is of course zero if 
pH = M, this being the criterion for no coning (see Introduction). 
If th,s bendiil,', or rotational, sfiffnsss of the rotor resistin,) t.he 
application of this moment is Sr' then Sr may be calculated as shown 
in Appendix le, and has a value 
= ••••• (34) 
where t is the rotor thickness, and a and b are the inn~r and outer 
di~m8ters of the rotor respectively. Thus the equation relating the 
variabios' at the rotor end is: 
x = (pH - M) . 5r 
..... (32e) 
and either 'Eq. (328) or Eq. (32d) may l,s used as appropriate in con-
junction with the other boundary condition Eqs. (32a, ,b, c). 
The above reasoning leads to a value for the rotation at the inside 
edge' of the rotor. In order to determine the coning characteristics 
of the disc it is necessary to obtain the corresponding deflections 
over the whole of the rotor. This may rea(lily he done by applying the 
accepted theory for bending of circular plates with the approFriate 
boundary conditions, as shown in Appendix ID, and the follOluing 
expression is produced for evaluating the axial deflection w rglBtive 
to the deflection at the rotor inside: 
w = r 1 a Xa l (I_V)(a2_r2) + b2(,I+''') a 2 v loge r .. (35) b2(I+v) + a2(I_v) 
where )(8 is the rotation at the inside of the rotor. 
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Finally, thn houndary condition for thu ~xial displncement V in t.he 
IlUll i~; obtninad sirnp.l y as 
v = 0 
••••• 
(32f) 
at t.he mounting flange end of the bell. 
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· , 
2.5 Solution of Frjuations. 
Tho gnverning equRtion~ (20a-e) and (290-e), in which the unknown 
variables are X, U, V, H a~d Ms' will ba integrated wIth reopect 
to r by means nf the fourth-order nun(je-Kutta process. One version 
of this technique is descrihed by Lance (31), and is used here. If 
the system of equations is represented by: 
= (x, Yl' YZ' ..... (3G) 
where n is the number of equations, and i = I, ~ n, tt'len the L, .... 
integration formula for calculating tho (p+l)th v8.1ues is 
(Yi)p+l = (Yi)p + -~ (kli + 4k4i - kS-) _.1 
in which 
kli 
h 
Fi (x, Yi) = 3 
k2i 
h 
Fi (x h kli ) = 3 +- , Yi + 3 
k3i 
h 
fi (x h t k11 ~- k2i) = 3 +- , Yi + + 3 
h (x h 3 k g k4 · = 3 f. +- , Yi + '8 11 + '8 k3i ) - 1 1 2 
h 
fi (x + h, 3 9 + 6k 4i ) kSi = 3 Yi +"2kli -"2 k3i 
and h is the step length. 
With-appropriate starting values the quantities are inLegrated by the 
above algorithm over one step length. As these quan-tities r,X, li, V, 
_H, Ms, are all continuous between adjacent elements, the integrated 
values may be .used as the initial values for the integration over the 
next interval. This process is repaated over the length of the shell. 
It may be noted that unequal step lengths are accommodated with eaS8. 
It will be recelled that although this integration method requires all 
starting values to be prescribed, in the present problem the boundary 
conditions Eqs. (32a-f) are specified at both ends of the shell, and 
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in some cases these conditions are given indirectly in the form of 
relationships betwe~n the ~uantitiris. Procedures to be adopted in 
cases resembling this have been (lescribed by Plarcal and Turner (32) 
and Kraus· (20). The particular technique used to deal "ith the 
present problem is as follows. 
The mounting flange is taken to be the. starting point for the 
ihtegration. Trial v8lues of 
u = X = 0 
are assumed at this edge, "hich leads to H and Ms taking appropriate 
values as prescribed by Eqs. (32a, b). The fiTSL trialint.egration 
then proceeds, and the final values obtained atlhe rotor end of the 
bell are Xl' Ul , HI and Msl ' Then thl1 trial values 
U = I, x = 0 
are assumed at the mounting flange end, and a similar procedure leads 
to the values )(2, U2' H2, Pls2 at the rotor end. ~ third trial integ-
rat inn with the initial values 
U = D, :x = 1 
similarly produces X3. U3 , H3 , Ms3 at the rotor end. 
It is desired now to satisfy the specified edge conditions at the 
rotor end by interpolating for the correct result, remembering that 
all relationships are linear. If the required values are X, U, H, Ms, 
the following relationships hold: 
X = Xl + (X2 - Xl) Cl + (X3 Xl) C2 · .", .. (378) 
U = Ul + (U2 U1 ) Cl + (U3 U1 ) C2 · .... (37b) 
H = HI + (H2 - HI) Cl + (H3 - HI) C2 • •••• (37c) 
!'is = Msl+ (Ms 2-Msl) Cl + (~ls3-~lsl) C2 • •••• (37d) 
where Cl and C2 erR unknown constants. Thus the four equatinns (:l7e-d) 
contain six unknowns X', U, H, r'1s , Cl and C2' A further equation is 
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obtained from the houndary conditinn [q. (32c), this providing a 
relationship b"tween 1I and H. The sixth erjuation is chosen as 
~r)proprjate from Eqs. (32d, n) ~8pending upon IJhether the no-coninD 
criterj.on has I.leen invoked or not, anrt tile sy~tem of six simultRnAou~ 
equations may now be solved. Once Cl and C2 are known, velues of 
)C, 11, H and Ms may br; calculated for any point on tl">9 sh~ll hy the 
use of relat ionships similar to those expressed by Eqs. (37a-d). 
Finally, the axial displacement V may tlrJ calculat.ed by int9'lration 
of Eq. (28e) or (298) ,Jith the starting valu" as 'Ji,ven ~,y Eq. (32F) 
nOll1 that all ottmr qU3ntities are known. 
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2.6 Calculation of stressgs~ 
The stresses ()s and 0";, sh"uld now be calculnterj rro", the '3tress-
resultants ~, Ms, No, Me. If the shell is vpry thin co~pared to the 
radius of curvature, the usual procedure is to consider the stress 
res~ltants as acting on a str~i9ht beam of rectangular cross-spetlon 
with unit width, and then to apply conventional beam the Dry to 
calculate the stresses. However, it is implicit in .the theory deveioped 
earlier that the assumption that dlr «l need not be mAde. To be 
consistent, therefore, evaluation of the stresses should be perrormed 
on the basis that H and Ms act on a straight beem of trapez~idel cross-
section, anrl that Ne and. Me act on a curved beam of r8ctan~ular 
cross-s8ctiDn. This is evident from Fig. 25 which shows an element 
in the well of a conical shell subjected to forces anrl moments. 
The total stress in the meridional direction is therefbre given by: 
= 
H sin!3 
d + 
r'1 2.. 
1 y 
at a clistance y from the neutral surface. Now it can B8sily be show'n 
that 1, the second moment of eraa, is virtually the same for a 
trapezoidal cross-section of unit width at its centroid as for a 
rectangular cross-section of similar ~idth and thickness when considering 
shell walls; the value of I may therefore be taken as d3/12. The 
maximum stresses will occur at the outermost fibres, If dl and d2 are 
the distances from the neutral sur race to the inner and outer Hurfaces 
of the .hell respectively, it can be shown that 
and 
dl = ~ (3 + d ~~s(3 ) 
d 
= 6 
(3 _ d cos 8 ) 
2r 
Hence the expression for meridicn"l stress becomes 
= 
H sin {3 
d + 
at the inner surface, and 
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..... (38a) 
:.r 
'" o u 
" +-11 . ________ ' 
+-'" ~ ~ .. 
~ v 
~ 
I-< 
U 
~ 
If; 
I 
if) 
tfi 
o 
r>: 
U 
= 
H sin (3 
d 
at the outer surface. 
d2 · .... (J8b) 
·The above expressions ere strictly valid only when the meridional 
curvature is not large. Often the bell of a brake disc may be made up 
of more than one distinct shape of shell. As an example, the bell in 
Fig.? contains a conical shell and a flat circular plate. At the 
intersection of these configurations a fillet radius is provided to 
reduce the stress concentration, but a stress-raising effect nevertheless 
persists, depending upon the magnitude of the fillet radius. The stress 
distribution in. this case .1111 not be lin·3ar through the shell t'dck-
ness, as assumed ailovB, and may·be calculated by using the conventional 
theory of curved beams. 
Fig. 26 shows this region in which the transition from conical. shell to 
·circular plate occurs. The stresses are to be calculated at section XX. 
Using the appropriate expres.ions from Timosl'enko (25) and applying 
these to a curved bar of. rectangular cross-section with unit width and 
thickness dm, with a radius of curvature at tile middle·surFace of Rm, 
where Rm is the mean of ·A l and R2, thB following expressions are obt~ined 
for the stresses at the inner and outer surfaces of the curved bar 
respectively: 
(inner) H sin& 
Ms (dm/2 - 8) 
(39a) 6"'s = dm dme (Rm - dm/z) • •••• 
sin /3 
M . (dm/z + e) 
6 s (outer) H 
s (3gb) = : + (Am + dm/2) • •••• dm dme 
where e is the eccentricity of the neutral surFace from the middle 
surface, ann is given by: 
d 2 d 2 m ( .l.. m 1 + ~) e = 12 Am 15 Am 
Considering next the hoop stresses 0a, fig. 25 indic3tes that these 
may be calculated from No and ~l" by application of the theory for 
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I 
curved bars as abovf3. Hence, for a cIJrved beir of unit wicJt:11 iiind 
thickness d, and radius of curvature r2 = r/cos(J, the 9tLess~s 
are given by: 
.,- (inner) ~ r'le (d/z + e) (tlOa) '.1 e .. + (r/cos" + d/2) d de • I I • I 
"" (outer) 
r·;o Me (d/z - e) (40b) \1 " .. d de (r / cos (3 - d /2 ) · .... , 
where e is given by: 
d2 cos 0 (1 1 d2 cos2 {3 ) e = + 15 12 r r2 
In conclusion, it is \uorthwhile reiteruting th3t thn above refinements 
in the cal.cuJ.ation of stresses r~om the stres~ r88uJtants Ilove been 
made for the same reasons that the higher-order terms were retained 
in thn shell theory outlined in section 2.3. To re-state these reasons 
briefly; the geometry of most hells in brake discs iD such that they 
may .only just come into the category of thin shells, i.e. their 
diameter/thickness ratios could be about 20. Thus, contrary to the 
usual procedure, d/r is not r,>eglected when compared to unity. The 
effect. of those refinemente on the accLlrBcios achieved, and ind"Ad the 
valiriit), of this procedure ",lthin the cnntex.t of shell I:~'eory and th" 
brake disc problem, wilt be examined later. If the s'Jphisticetions 
described here for calculating stresses are dropped. the following 
expressions, which relate to a straight bAam of rectangular cross-
section, may be arp'lied: 
0" 
H s1n8 
d 
Ne 
.. d 
...... (4la) 
· .... (4lb) 
The strains in ~ach case may be calculat~d from the stressos by using 
the uSlIal Hooka's Law relations for two dimensions: 
Es .. 1. ( Os -.)6'e) (42a) E · .... 
Ea = 1. ( 6" ... -:- .lOs ) (42b) E · .... 
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Much of the material presented i.n thi~ chnpter, along with some 
examples of the arplication of the theoreticf!l techniqU8 t Idhich 
occur in the chapter that foJ 10",s, has been [1ublished in the 
·Journal of ~echanical Engineering Science (11). 
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CHAPTER 3 - CI'~lr,1RISnN :,IITH ANALYTICAL SfJUHJONS. 
In the previous chapter shell equations were rleveloperl and 
eventually cast into the form of a system of sin~ltaneous first order 
differential equations. These governing equations apply to axi-
symmetrical conical shells end it was pointed out that the bell of a 
·breke disc could be idealised as consisting of a number of conical 
shell frustra. A method was outlined of using the Runge-Kutta 
technique to integrate the equations step-by-step over the bell, 
considering each conical frustrum as one step length, and of dealing 
wit.h the two-point boundary conditions occurring in this problem. 
This method is well suited for programming on a digital computnr, 
and a program in FORTRAN has been written. 
Some means for validating this theory and numerical solution, must 
now be cont·emplated. The most straightfor'''ard ",ay is to ·observe that 
the geometry of the bell can degenerate to simple shapes such as 
flat circular plates and circular cylindrical shells in the extreme 
cases, with conical shells falling in between, by setting the cone 
angle to the appropriate constant value. For suchplatfls and shells 
of constant thickness analytical solutions are available for certain 
kinds of loading. In this chapter analytical solutions for a number 
of degenerate cases will be compared ",ith results obtained using the 
present shell theory and numerical method of solution. 
When doing the numerical examples that follow in the sections below, 
the following material properties are used throughout: 
E = 18.8 x lOO Ibf/in2 
,) 
= 0.25 
'6 = 12 x 10-6 per °c. 
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It was stlOlIln in the previous cl"apter that the present numeri.cal 
LAchniqu8 "UlrlblHrl the retp.nt ion of hj 'Jhnf' ordof' efl'ects j n t.he 
Q(Jverning oquations. The next chaptor .incorporates a detailed 
discussion of the.se higher order effects, but for thH present, '''3 
tt'9 aim here is to compare results from the numeric31 technique ,.,j,th 
established analytical sDlutions, these higher order termR have been 
droppad from the equations. Otherwise, if there were discrepancies 
in the comparison, it might not be clear whether the discrepancies 
~ere due to errors or to the higher order effects. 
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I 
3.2 Circular ~late with nadial TemperaturE! Gradient. 
tllp. exp9r.terl result is obtained, trth.ich i.~ that t.I-,p' junction orrset for 
there to .be no coning should be zero. This means that the iJendl ng 
moments created in the bell by the thermal expansion of the rotor 
ere zero, .and that the bell is a circular plate und~r plan" stress 
conditions. The analytical solution for a circular pJate with te~pNr-
ature variation in the radial direction only is well kno",n. Johns (33) 
gives the stresses and displacements at .. a radius r in a plate of inside 
radius a and ·outside. radius b as follows: 
n 
r = 
E 
Tr dr + I-v Cl ..... 
= C2 ••••• (430) 
u = ••••• (43c) 
At r = a, Eq. (32a) is the boundary condition. At r = b, Eq. (32c) 
is used as the boundary ~ondition. The constants Cl and C2 may thus be 
evaluated. The integral 
~r Tr dr 
a 
can be evaluated For any temperature distribution by using Simpsnn's 
Rule, if T cannot he expressed analytically as a function of r. 
Fig. 27 shows a comparison of analytical and numerical solutions for a 
bell of ·cone half-angle 90 0 and a constant tt'ickness of 0.2 in, ,.Ith 
a mounting-end radius of 2 in and a rotor inside radius of 4 in, subjected 
to·s te~perature distribution as in Fig. 27a. The correlation is close 
enough for tf,ere to be no discernible differences in the displacements 
and stresses plotted in Figs. 27b, c. 
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3.3 Circular Plate bent by Moments. 
If the bell is again allowed to become a circular plate but if this 
time boundary cDndition Eq. (3213) is used instead af Eq. (32d), the 
bell becomes subjected to bending moments in addition to radial farces. 
This is l'Acause now the disc is made to experience coning by specifying 
an appropriate juncti on affset. This behaviour of the bell in hending 
can be compared with .existing analytical solutions for benning of 
circular plates in the following manner. 
Timoshenko and ·Woi·nowsky-Krieger (30) give tha foll"wing expressions 
for the rotation X, bending moments Mr and Me' and displacement w, at 
a radius r in a plate of thickness d and inside and outside radii of 
a and b respectively. 
X .£. 1· (t,t'a) = 2 Cl + -; C2 · .... 
Mr 
Ed3 [ { l+"»l Cl O",;l 1 (44b) = 2 2 C2 • •••• 12(1_.>2) r 
Ed3 r (l+"»l ( 1-1» J Ne l Cl + C2 (44c) · .... 12(1-\12) 2 r2 
r2 
Cl loge 
r 
C2 + C3 . (44d) w = -- • •••• 4 b 
The boundary conditions are that. at r = a, elastic rotational resLraint 
exists as giuen by Eq. (32b); at r = b, a known mDment Mr is applied; 
at r = a, W = wa. From these conditions it is pns~ible to eliminate 
Cl, C2, C3.and solve the problem completely. 
As a numerical example. a bell of dimensions •• ·2 in, b = 4 in, d·. 0.2 in 
was chosen. The bell was assumed to be cold, and the applied radial 
displacement at the rotor end combined with the chosen junctinn offset 
in such a way as to produce an applied bending moment at the rotor 
end of 157 Ibf-in/in. The flange bending stiffness Sx was 67000 Ibf-in/in. 
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The comparison between analytical and numerical solutions is shown 
in Fig. 28. It can be seen that the correlation is ~ood. 
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3.4 Cylindrical Shell under Edge Lo~din9' 
By makin'l the cone half-angle zero and the bell thickness constant, 
the bell becomes a cylindrical shell. The solution 'or cylindrical 
shells is well established in analytical form for various kinds of 
loading. One case arises. if all temreratures in the bell are set to 
zero and the rotor is allowed to expend by a given amount. The 
stress resultents and deformations in the bell may then be examined 
for two different sorts of boundary conditions at the rotor end, one 
occurring for no coning and the other when the junction offset is 
specified. 
Timoshenko and i!Joinowsky-Krieger (30) give the GoJ ut i on For the \len8r81 
case of a long cylindrical shell under edge loading by bending moments 
Mo and shearing forces Ho uniformly distributed along the edge x ~ 0, 
as depicted in Fig. 298. The radial displacement Uo and slope Xo at 
x = 0 are respectively as follows: 
Uo = 
1 (IiMo + Ho) 2 (J3K 
(45a) 
Xc 1 (2({ Mo + Ho) = 2/PK · ..... 
where K is the flexural rigidity as hefore, 
and ·4 3 (l-il2) f3 = R2 d2 
in which A and d are the cylinder radius and thickness respectively. 
For the no conin() case the edge conditions are that Uo is given and 
Xc 'is zero. Thus Eqs. (45a, b) can be solved for Mo and Ho, giving 
JI10 = 2f.>2 K Uo · .... (468) 
Ho = 4fo3 K Uo • •••• (46b) 
When the junction offset p is specified, Uo is again known at the 
edge, but the other houndary conditinn .is: 
y = pHo _ Mo 
"0 Sr 
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••••• 
(t,Sc) 
Eqs. (!IGO t I), ,C) may bp. solvod for Mo, 110 and Xo ' giving 
~ln = 2A 2K xP (32K - Srl Uo (47a) + Sr • •••• 2/3K(p + 1) 
Ho -
4t9 3K (dK + Srl Uo (t'7b) 2j3K ( p/.l + I) + Sr ••••• 
X 2 I') 2K (2e& + II UO (4710) = 2/,> K (P/3 + 1)+ S · .... 0 r 
Still follo"'ing (30) the variation of stress resul t,"nts and deformations 
over thf! Iflrl9th of the shell is given by ,the followin'.I expression" once 
Mo and Ho are known: 
r 'J 
IJ = 1 lA Mo If'(flx) + Ho & (,f5x)J 
2!13K ' 
1i «(IX)] :x 1 , 2fl MoB(px) + Ho = 
2,!3 2K l 
• •••• (48a) 
••••• (48b) 
Mx = Mo 1i(~x) + ~ Ho !(~x) • •••• (4810) 
• •••• (48d) 
Me '" vMx ••••• (400 ) 
• •••• (48f) 
using the notation 
11 C{3x) = e -~x (cos(jx + sin (h) 
"f (fox) = e -f.x (cos/l X sin (Jx) 
!l «(tx) 
'" 
,e -px cos (Jx 
~ (~x) = e -flx s infi x 
In comparing results obtained by this analytical metl'od ~ith the 
numerical solution it should,be re~emb8red that the former a~ devAloped 
above is valid only for long shells, i.e. where edge effects at the two' 
ends do not intAract with each other. A convenient definition of a 
"long" cylindricel shell is given by Kraus (20) and may be used hers. 
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It is Founl1 that the four functions above involving negative 
oxponllnL in]:'l rlecay l'Rp:idly, i-Jnd thnt R.t r., "er it ienl" lAn:;!:" Le 1 
It/here 
L 
c 
If 
= f3 
thQir values Rre nRgligible. Thus if a shell "ith both ends loaded 
is being treBted, Brige effects will not interact significantly if 
the length of the shell is .greater than 2Lc ' 
It may be recalled that the numerical solution is based upon step-hy-
step intGgration from one end of th" shell to th8 othf"r, Rnd that the 
method should breek down for very long shells. It isof considerable 
intBrest to look at this prohlAm in some detail nnul and tr) note lt1hat 
lengths of bell can be successfully treated by the numerical method. 
With this in mind the first stage in obtaining a compRrison betw8en 
the analytical end numerical solutions should be to perform the 
computations for a shell of 1en]th about Lc. If the correlation is 
good, the inference is that the numerical method is valid for shorter 
shells too. Shell 1engtlls can then be increased beyond Lc until it 
is seen that the correlation begins to break down. 
Considering now ·numerical values for a shell geometry to use as an 
example, let us choose a cylindrical bell of wall thickness 0.2 in, 
mean radius 3 in, and Poisson's Ratio of 0.25, giving 
;3 j 3p-v2 l 1.67 in = R2 d2 "' per 
• Lc = . ...It.. = 1.BB in • • 1.67 
A shell length of 3 in is chosen, and the numerical method applied for 
this cylindrical bell, ,"ith a rubbing path temperature of 2000 e rrodudng 
a radial displacement at the edge of the bell. Fiist specifying the 
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no coning criterioh, the r8Bults shown in Fig. 29 a~e obtained. 
The ana],ytical so.Lution prnrluceri vi.rtually Ide!ltical. cur\/es. Next, 
with thp. Junct.ion off""t specified thus cnusin'J snmfl "rlge rot:,U.<ln, 
the ClJrves 'ShOlIJn in F,ig. 30 are obt.alned. Again the analytic81 CtlrVI'!~,) 
do not differ from the numerical solution. 
When the numerical method was applied for longer shel1~, it was found 
that the results rlid not alter until the length exceeded about 20Lc • 
Although this result rlepends upon the type of computer being used 
(the inaccuracy results from the subtraction of v~ry large and nMarly 
equal numbers, hence the number of significant figllrfls employed by 
the computer is important) it may be concluded that all likely hell 
(designs will be readily dealt with by the numerical method. 
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1.:) Cylindri.cal Shnll 1:lith TompAr;'lturn l1istrihuti"ns. 
Thn prAvihu9 !JfJctJon dealt Illith Lilo "ypnt.heti.c~l COSR nf f,hf~ r:old 
bell. Here to,IQ ~i",ple cases of cylindrical DaUs suhjectert to 
temperatures, for which analytical solutions are kno"n, ara 
considered. It may be recalled that in formulating the brake disc 
problem temperature variations through the thickness of the bell were 
neglected, and so in tha following discussion axial temperature 
'gradients only will be treated. 
Before dealing with axial temperature variations, however, a simpler 
cese may be considered. This arises when a long cylindrical shell 
is clamped at one erlge and subjected to 8 uniform rise in temperature. 
This problem has ~ straightforward analytical solution which can be 
compared with the cDtresponding degenerate case of the numerical 
method. Using the result quoted by Johns (33) and following the 
ntitation used in the previous section, the iadial displacement at a 
rJistance'x from the clamped edge of a long cylindrical shall experiencing 
a rise in temperature T js given by 
U = 1l'RT [1 - e-f!.x (cos (3x + sinfi'x)] ••••• (49) 
Successive differentiation of tllis 8xpress.ion will give expressj,on9 
for the slope, moments and forces. 
As an alternAtil/e to the above direct solution, the method used in lohe 
previous section may bD,adapted te this case. We can say that at the 
clamped edge bending moments and shearing forces will be creet8d by 
suppression of the free thermal expansion of the shell at this point, 
ls'RT. These moments and forces 1'10 and Ho can be evaluated by 
substituting 
Uo ,= )(RT 
in [qs. (46a, b), giving 
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/"If) 
'" 
2 (.' I( \( liT ..... ( ",r;" ) 
H = _I, (;3K )fIn ..... ( :',1 Ji> ) 
1;1 
All required deformations and stress resultants can now be calculated 
as' before from Eqs. (48a-f), remembering, however, that the a'ctual 
displacements are obtained by adding tRT to the displacements of, 
Eq. (46a). 
As a numerical example we can lonk at a cylindrical shell of mBan 
radius 3 ,in, ,"all thickness 0.2 in, and of length 4 in, Lhe length 
being sufficient to ensure no interettion between tha two edgos. 
lue let one edge be clamped and the othf!r free, and allow the sh"ll 
to experience a temperature rise of 2800 e. These conditions can 
readily be simulated for application of the numerical technique by 
input of the appropriate parameters into t:'e computer program, to 
. define the geometry and loading. The edge conditions can be achieved 
by specifying the radial and bending stiffnesses of the mounting 
flange as zero, thus creating a free edge, and by using the no coning 
criterion with the radial displacement as zero at the rotor and of 
the boIl, thu~ producing a clamped edge. 
The resulis obtained by using both the analytical and num8rical methDris 
are given in Fig. 31. The shapes of the curves are as expected and do 
not call for any explanation. The correlation between the twa methods 
'of solution. is satisfactory. 
Timoshenko and Woinowsky-Krieger (30) give the solution for a cylindrical 
shell ~ith a te~~erature gradient in the axial direction, and as an 
example use the case that arises when part of the cylinder is subjected 
to a linearly vatying temperature gradient and the re~ainder has a 
constant te~perature; This situation is shown in Fig. 32a, and it is 
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FiSt. 3l. !"ORCES, MO\lENTS, AND DEFOR~lATr.Cl\S 
L,\ A CYLT~mRl CAL SHELL '1'1 TH O:\E 
EDGE CLMlPED Mm ONE EDGE FREE. 
SUBJECTED TO A Ui\lFOR~l RlSE [\ 
TE,!PEIV\TURE 
assumed that Lhe temperature decreases I1ne8rly from x = 0 to x = b 
fJcc()rdinq to the rHl;.ltion 
T = Tn- (Tq Tl)X. b · ..... (SI) 
while the temperature is constant at To over the rem~ining part of 
the shell. 
For a long shell the shearing force Ho and bending moment ~Io produced 
at the section x = 0 are given by 
= 
= 
o 
n ~ -(~ K 2b 
· .... (52a) 
• •••• (52b) 
and once mora all deformationH an(f strp.ss re~ultant8 can be" c-81culatRr:i 
by using Eqs. (48a-f). 
If b is not large, a correction b.M to thE! bending momRnt 1'10 may be 
applied, where AM is given by 
• •••• (53) 
where the notation used is as in the previous section. 
To apply tl,e numerical technique to this prohlem the free edge at 
x = b can be simulated as b.,fore by putting the mounting flan]e 
stiffnesses as zero. At the o£her end of the bell the notation can 
be made zero and the displacement specified as lSRTo. This simulates 
a free edge if it is ensured that the region of the shell in which 
the temperature ie constan£ at To is long. 
Figs. 32b-d shows the results when the. numerical values were as fo110,,,s: 
d = 0.2 in, R = 3 in, b = 4 in. 
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Once again the analytical method produces results similar to t~8 
numerical soluti(ln. The discrepancy in the curve for NB was riU8 to 
the effect of a~8raging the temperatures in each ~lement in the 
numerical method. It was checked that this discrepancy became 
smaller GS t"8 step-length decreased, and it can b'> safely concluded 
that the numerical method·and computer program can deal successFully 
with temperature gradients in t:ne axial direction. 
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3.6 Crynical Shell nnd Circular Plate Combinoti8n. 
It hHS been point.ed nut earl tot' that tht? llIost common !lhapp. of tlrnl<8 
disc is when the bell is made up of a conical or cylindrical shell 
and a flat circular plate region. An example of an actual disc of 
this sort is shown in Fig.? It is known that some approximat8 
annlytical procedures exist that would solve such configurations 
subjedted to edge loading conditions. DnH such method is based upon 
the well known Ge~kelRr approximation, and Horvay and ~lausen (34) 
I ist formulas embody l.ng this method h'hich ""'y ennven lently he used 
BS a quick and easy way nf finding a solution to this problem. 
TI'A obvious advantage nf the Horvay and £lauBen formulas i& their 
simplicity. Tha disadvantages would .be the lack of accuracy inh~rent 
in the Geckeler appr~ximation and the limited range of conflgur~tions 
for which·the method would be strictly applicable. It i8 of much 
interest, therefore, to apply the methDd to the representative bell 
geometry shown in fig.7, and to assess its usefulness for our rresent 
purposes by comp"rin'.:: the reslJlts with res!,lts ohtained from apFU.cati~n 
·of the numericAl techniqu~. Sucl, a.compurison w6ulrl probably ~lso 
provide further insight into the scop" of the numerical technIque.· 
The I;orvay and Clausen formulas, as listed below, apply to. an 
isothermal conical shell of cone hal f-angle fi, loaded at the larger 
end by bending moment "'a and radial force Ho' the radius at. this edge 
being ~o' The analogy betw8en the.e formulas anrl the formulas for 
cylindrical shells discussed in the previous sections is ap~erent.· 
I = · .... (54a) 
I cos (3 • •••• (54b) 
.f = • •••• (54C) 
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Jf n ,is d8fi.ned as tl1R distance from tha edgl') .in unit.s ~f 1. tho 
red I"uling Pour functions iH'e used: 
F] ../2 -n cos(n- ;) (S5a) = e · .... 
FZ -n sin (55b) = e n • •••• 
-..(2 , -n 1(" (SSc) F3 = e sin (n- '4) · .... 
F4 -n 
'" 
e cos n 
• •••• (55d) 
The'doformations and stress resultants can be expressed i~ terms of 
the above quantities ~y the following 8quation~: 
fl [ (n )] 1I v , \ ~. Ho Iv F 4 U;6a) = T Mo F3 ln, ••••• 
[MoF4(n) 
'] 
X = f + -! HolvF 1 en) J • •••• (56b) 
v = - U tano( 
· . '.' . (56c) 
. Ms = Mofl(n) + HolvF2(n) 
••••• (56d) 
2 Mo 
f.,(n) + Hof3(n) (56e) H = -- • •••• Iv ,-
Ma = vMs • •••• (56f) 
Ne = I91!. · .... (56g) l' 
The relationships bet-Ieen Mo. Ho, Uo and XC', which are the moments, 
forces and deformations at the intersRction of cone and plato; are 
obtained by adaptation of Eqs. (56a,b): 
'flv ( , , l 
Uo = 2" ll'lo + Holv, · .... (57a) 
· .... (57b) 
Considering next the plate region, from Timoshenko (29) the following 
relationships'hold for a circular plate subjected to bending moments 
and radial forces: 
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I (5I1a) U = rCI +; C2 · .... 
- (I-v) ! H = 0 ( 1+V)C1 (511b) I r2 C2J • •••• 
-
X r 1 (SAc) = - C3 +-C • •••• 2 . r 4 
I'Is = k l{l~U) C3 {l-vl C4] (58d) 2 ..... 
r 
where Cl' C2' C3' C4are as yAt undetermined constants. 
At the outer edge of the plate the boundary cnnditions can be spRcified 
as 
u u' 
where it is assumed that U' is known and that the disc ·does not exhibit 
·coning. 
Now, the above formulation of the problem occurs as a fai rly commonplace 
method of dealing with composite plat~ Hnd shell structures. Applying 
the criteria of continuity and equilibrium at the joints betwenn the 
elements and making use of the given boundary conditions, it is found 
that sufficient simultaneous equations arei obtained fnr d8termining 
the unknoom quantities at the joints, 1'10 , Ho' Uoand Xo. Th"refore, 
no further details will De given of the subsequent manipulation of 
Eqs. (57) and (58) necessary to evaluate these quantities. 
Assuming that Mo and Ho are known, the full variation of rleformations 
and stress resultants over the conical shell can be. obtained by using 
Eqs. (56a-g). Also, the unknOlun constants in Eqs. (58a-d) may now 
be evaluated and the problem solved for the circular· plate region too. 
The above analytical method and the numBrical technique are now applied 
to the bell of the brake disc shown in Fig. 7, with the conditions that 
-~the ~ball is cold, that 5' -redial displacement of --0.02 in is given at ~ 
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t!"tl~ rotor end, <.1nl 1 th'lt thr."'! (iise c!flllS Ilol o;(hi hit c(')ninr.~. fhe 
good correlation except in the curves for bendinrJ m0!11entr., cor hJllic·h 
marked discrepancies exist. Therp. aro t.hJO major r8a~;ons ·for the 
discrepancies. rirstJy, t!",e anRlytical technique used becowes 
progres8Jvely less accurate as the cone angla is increased. Secl)ndly, 
the analytical technique does not allow for int8r~ctions of the two 
ends of the shell if the shell is nct long enough. 
To investigate the latter effect the critical length, anal010us t~ th8 
concept previously discussed concerning cylindrical sl.,ell., may be 
calculated. 
where f{ is the minimum radius of curvatur~ of tt18 st1s11. In the 
m 
given bell configuration, 
= 2.49 in 
wi'ich results in the critical length having a .value 
Lc = 1.GS in 
Tile length of thg conJ.cal portion of the bell is 1.2R in, and Ba it 
may be concluded that the bell cannot be classed as a "long" shell 
and that the end effects will interact with each othAr. 
It would· be l.ntf'r8sting now to perform a similar exercise on a 
modified version of this bell. In Fig. 34a h'8 let the conical portion 
be replaced by a cylindrical shell of the same wall thicknoss but 
having a.mean radius of 2.81 in and a lr;nl]th of 2 in, the rRst nf the 
disc having th8 same configuration as b~fore. The critical· length for 
this shell is 1.75 in, so the shell is long. The results of th8S8 
computations are shown in Fig. 34, and it may be observed that the 
correlation between the analytical and nU~9rical techniques is now 
- (nueh bettar-. 
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These results do bear out the remarks made earlier in this section 
that this analytical methnd was limited in scope, and that tJ811 
configurations which could be treated in this "ay and with the dusired 
accuracy were restricted in range. However, it has been shown that 
when the method is a~plied to a configuration for which it is valid, 
the results correlate well with the numerical solution. It may be 
concluded, therefore, that the numerical technique and computer program 
developed in this work is valid for ·bompos{te bell shapes. 
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CHAPTER 4 REFINEMENTS TO THEORY. 
4.1 Introduction. 
In Chapter 2 the shell theory underlying the brake disc problem 
was developed and a method of solution was described. It was 
remarked then that the Flu·gge thaory used contained higher-order 
terms which are said to lead to greater accuracy. and that inclusion 
of these terms does not lead to further difficulties in the method 
of solution. In eddition to this aspect of the problem, it· was 
also pointed out that the stress-strsin curve for cast iron was not 
linear, but as the non-linearitywes not significant at low strain 
levels, the solution would be developed as for materials with linear 
characteristics. 
It is proposed in this chapter to investigate the above facets in more 
detail. The contribution made by the higher-order terms in the shell 
theory will be examined in order to assess their significance, snd 
concluaions will be drawn regarding the usefulness of this· higher-
order theory in the context of the brake disc problem. Then the 
~tresses will be calculated in a brake disc subjected to a typical 
braking duty, and it will be shown that some way of dealing with the 
non-linearity of the stress-strain curve would be desirable. A method 
of doing this is outlined and the stresses resulting from application 
of this technique are compared with those previously obtained. 
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4.2 Higher-Order Theory. 
The shell theory used in Chapter 2 which led to the derivation of 
the governing equetions (29 and 30) was originally developed 
independently by Flugge (35), Lur'e (36) and Byrne (37), and is 
consequently often called the FlUgge-Lur'e-Byrne theory. In this 
theory the main postulates of Love's clessical work on shells (38, 39) 
are retained, but the requiremant of thinness of. the shell is made 
less stringent. 
In order to see how this higher-order theory differs from the more 
widely used shell theory, it is appropriate to go back to the basic 
shell equations (lB) and (23). Eqs. (18) express the strains at a 
point which is at a distance ~ from the mid-surface of the shell. 
It will bs noticed that neither there nor in the subsequent derivation 
was ~ neglected compared with tha principal radii of curvature r 1 and r 2• 
After degeneration of these general exisymmetrical shell equations to 
conical shell equations and after performing series expansions, the 
stipulated requirement is only that 
1 
and not that 
1 
as·is the assumption in the conventional shell theory. 
The above remarks also apply to the derivation following Eqs. (23) 
which define the stress resultants, where it is clear that a similar 
situation arises. 
The validity of this higher-ordar theory has been the subject of 
debate over· a number of years, and it seems that at present this is 
still an open question. Na.ghdi (40) suggests that the effect of 
transverse shear strains and transverse normal str~ss should be taken 
into account when higher-order geometric corrections are retained such as 
in the Flugge-Lur'e-Byrne theory. Johnson and Reissner (41) give results 
pertaining to cylindrical shells to illustrate this point,while 
Reissner (42), Neghdi (43), Novozhilov (44) and Koiter (45) have all 
attempted to seek modifications to the Flugge-Lur'e-8yrne theory with 
this motivating factor. Kraus (20) has discussed higher~order t.heories,-
including the Flugge-Lur'e-Byrne theory, and states that for thicker 
shells such theories may, in soma cases, achieve greater accuracy, 
but that for thin shells tha standard theory was adequate. More 
recently Giannini and Miles (46) gave results for a particular case 
of shell analysis incorporating the higher-order terms in the expressions 
for stress resultants, and showed that for the particular casa treated 
by them the results could differ by about 5% from results obtained using 
conventional shell theory. They drew no conclusions, however, regarding 
the significance of these results for a wider range -of shell prohlems. 
It is not the intention hera to attempt to assess _the validity of the 
FIUgge-Lur'e-Byrne theory within the context of general shell -theories. 
-This is a field in which considerable development is- taking place, and 
Love's original assumptions are being modified by several investigators. 
- The aim here, in the discussion that follows, is to establish whether 
in the brake disc problem uae of the FILgge-Lur'e-Byrne theory is 
justified or not. This can be done by applying the governing equations 
derived in Chapter 2, with and without the highar-order terr:Js, -to a 
range of conical and cylindrical shells with different radius to 
thickness ratios, and to compare the results thus obtained. 
The basic shell configuration chosen for analysis in this manner is 
shown in Fig. 35. The conical shell is 2 in. long and has a radius 
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Fig. 35. 
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HIGHER ORDER EFFECTS. 
of 3 in. at its large end. It is free at its small end end built-in 
at its large end, and is uniformly heated to produc'e a rise in 
o temperature of 100 C. The thermal stresses in the shell ~ere computed 
for different values of the cone angleA3 and the shell thickness d, 
the latter being assumed constant along the length. 
The cases treated were forty-two, in all. !3 was varied from 00 to 
150 in steps of 150. (For;.3 = 900 the higher-ordsr terms disappear). 
d was varied between 0.1 in. and 0.6 in. in steps of 0.1 in. This 
implies that for a cylindrical shell, for instance, the radius to 
thickness ratio was varied from 30 to 5. Certain expected trends ware 
clearly discerned, the most obvious being that the discrepancies 
between results for the normal and refined theories increased with 
shell thickness. Table I shows some representative results. In this 
kind of situation precise evaluation of perbentage differences does 
not have much meening; these must be examined in-conjunction with 
the magnitudes of stresses themselves. However, we could usefully 
attempt to' see roughly what' orders of discrepancies arise here 
corresponding to different stresses. 
It may be noted that in general the discrepancies are 101" for meridional 
stresses. For the thinner shell, for ,which rid is 10, this discrepancy 
does not rise above 2%. Even in the thicker shell, for which rid is 
5, these differences are less than 5%. The circumferential stresses, 
however, do show marked discrepancies. In the thinner shell these 
differ by ebout 3% at the highly stressed regions and by up to 8% at 
the points of lower stress. In the thicker shell the circumferential 
strssses show corresponding discrepancies of about 6% and 15%. 
For the causes of the ebove behaviour examination of the values of 
the stress re9ultants sheds some light. ,While the discrepancies in 
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H, N and M ara, in general, slight, values of M are significantly 
. e S 8 
different in the two theories. Where the magnitudes of Me are hi.ghest, 
these discrepancies are of the order 15% in the thinner shell and 30% 
in the thicker shell. In order to obtain a deeper insight into the 
reasons for this variation of Me it is necessary to go back to the 
governing equation, Eq. (27d), in which a higher-order term in U is 
present. It is through this term that, unlike in the usual shell 
theory, the radial displacement influences the bending moment. In 
certain circumstances this term may achieve significant proportions, 
but as a rule the circumferential moments are considerably smaller 
than the meridional moments, and interest is therefore, concentrated 
on the latter. 
Further investigation of these effects in the general realm of shell 
theory is outside the scope of the present work, and it is now pertinent 
to discuss whether retention of these higher~order effects is justified 
or not. 
As stated in previous paragraphs, no significant discrepancies are 
detected in the meridional stresses for the thinner shell, and even 
for the thicker shell the discrepancies of about 5% may be considered 
as tolerable in the present investigation. The marked diffarences 
noted for circumferential stresses do not really matter since these 
stresses will always be much lower than the meridional stresses. 
For a simple explanation of this last statement we may consider two 
extreme cases of shell configurations. When the shell is cylindrical, 
Me =)) Ms 
and hence the corresponding bending stresses will also be of similar 
proportions. When the shell degenerates to a circular plate, tha 
highar-order effects disappear anyway. 
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In the great majority of cases the bell portion of the brake disc 
can be expected to have a radius-to-thickness ratio of more than ID. 
If the thickness is greater, as might be the case in some exceptional 
designs, 90me of the fundamental shell assumptions break down. These 
assumptions include the neglect of normal stress and transverse shear 
stress. The errors involved in applying shell theory in these 
circumstances would probably be large enough to swamp any increase 
in accuracy gained by the higher-order refinements. 
The above conclusions are based upon applicat·ion of the ordinary 
and higher-ordar theories to a selected range of shell configurations 
only.· for an overall assessment of the validity of the flUgge-Lur'e-8yrne 
theory e more comprehensive investigation into this particular aspect 
ie required. With regard to the present work it seems that the higher-
order effects probably do not matter. The relevant terms may be omitted 
from the governing equations and a slight benefit in computing time 
achieved. 
In concluding this section, it is worthwhile to point out an area in 
whic~ future investigators may carry out useful research. Computer 
programs, based on finite element methods for axisymmetric bodies could 
be applied to a range of such thin- or thick-walled structures and "exact" 
solutions thus obtained by using suitable mesh sizes. These results 
could .be compared with solutions based upon conventional shell theory· 
and higher-order theories such as the flugga-Lur'e-Byrne theory or the 
Reissner-Naghdi theory. Taking into account ttle errors introduced by the 
numerical techniques involved in the solution of the governing equations 
in each of these cases, enough information would still be gained to 
evaluate the significance of any differences that were found in the 
context of accuraciee dasired in most engineering problems. 
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4.3 ~'odification for stress-Strain Non-linearity. 
In Section 2.2 it was reasoned that in view of the non-linear 
stress-strain characteristics of cast iron, conventional theory fQr 
materials following linear elasticity laws would not be accurate. 
As most cast iron components are designed to carry low lavels of 
stress, howa'ver, and as at low stresses this non-linearity is not 
significant, the usual design procedure is to assume a linear stress-
strain relationship in performing calculations. This procedure has 
also been followed in developing the shell theory previously outlined., 
It is important now to apply the techniques developad in this work 
so far to' representative braking duties experienced by a particular 
brake disc, so that the predicted stresses may be seen. 
Consider the disc configuration shown in Fig. 7. For this disc the 
junction offsat for no coning is to ba determined, and the stresses 
axpected to arise during braking are to be ,calculated. This calculation 
is to be done for two kinds of braking duties: 
a) a vehicle of weight 3000 lbfis brought to rest from 
100mile/h with a decelaration of 0.5g; 
b) a long period of steady braking down an incline has 
o produced a constant temperature at the rubbing path of 400 C. 
The ,temperature distributions at the end of the single stop and during 
the period of steady braking are shown in Fig. 36a. The strasses in 
the ball corresponding to these temperatures ara shown in Figs. 36b, c. 
Remembering that cast iron is much stronger in compression than in 
tension, only tha tensile strasses need to be examined. It can be 
seenthet high stresses occur in the region nearer the rotor end, where 
the bell has to flex considerably in order to avoid coning. The stress-
reising effect of the discontinuity at a distance of 0.5 in. fro~ the 
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rotor 'end is also apparent in the curves for meridional stresses. 
It should be appreciated that the braking duties considered are 
severe cases and are seldom reached in practice. Nevertheless, the 
magnitudes of the stresses are very high, as the ultimate tensile 
strength of this cast iron is about 17 tonf/in2 or 38,000 Iba/in2• 
Examination of the stress-strain curve, Fig. 20, indicates that 
these highly-stressed regions are well into the non-linear range. 
It follows, of course, that the magnitudes of stresses calculated 
are so much in error as to be virtually meaningless to the designer 
who would be attampting to assess the strength of the disc. Despite 
these high stresses calculated, the disc would probably, be classified 
as "safa ll t owing to their infrequent occurrence. 
It seems, therefore, that an attempt should be made to make these 
values of stress more realistic. It has been argued earlier that a 
truly non-linear approach to the problem would not be justified for 
several reasons. In addition to the usual complexities in non-linear 
theories ,and methods of solution, the stress-strain curve for cast iron 
is very different in the two cases of tension and compression. The 
true stresses and strains depend a good deel upon the history of 
loading, and tha types of loading encountered during the life of a 
brake disc are extremely variable. Also, the strength properties of 
the cast iron used usuelly varies with batch and size, and excessive 
rigour at this stage would not be justified. However, the slight 
non-lineerity present here as compared with the behaviour of materials 
such as steel, in which very large st rains can ,occur, may be exploited 
by utiliaing a simple correction es outlined below. 
Information based upon research done at the British Cast Iron Research 
Association (22) suggests that for cast iron loaded in tension the 
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decrease in modulus cif elasticity is approximately linear with 
increase in stress. Thus 
E = Eo m <:J 
represents the value of the modulus at a stress 0-, where En is the 
value at the origin and m is a constant that may be obtained experi-
mentally for particular grades of cast iron. For a shell the usual 
stress-strain reletionship is given by: 
o-s = 
_E_ 
2 l-v 
= _E_ 
1_112 
+ 
+ 
Substituting for [ from the previous equation and re-arranging the 
resulting expression, the following equations are obtained: 
Eo(ES + "Ee) 
o-s = (1_-v2) + m{ts +'V€e) 
••••• (59a) 
[o(ee +vEs) 
0-9 = (l-~) + m(Ee +-V bs) •• • •• (59b) 
The approximate procedure used is to assume a linear elastic law with 
[ = Eo in all the th~ory until the stresses and strains are obtained. 
Then, the strains are assumed to be correct end modified stresses are 
calculated using Eqs. (59), putting m equal to zero for compr8ssive 
stresse·s and m equal to the appropriate value for tensile stresses. 
The validity of such a drastic approximation must needs be examined 
closely. Fundamentally, the implication is that the shift in the 
neutral surface caused by the bending is small. In· order to assess 
the effects of this on the stresses, two models, the first one-dimensionel 
end the second two-dimensional, for which analytical solutions based 
upon non-linear theory may be readily formuleted, ere considered 
below. 
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In Fig. 37a u portion of n baam suhj8cted to purn benrling is shown. 
The ntras!.H18 ~[Iu8ed hy this Are t.llo same as tho thoI'IIJAl str.BSBC:J 
that would arise if the temperature varied linearly through the 
thickness, and if rotation of the beam was prevented at both ends. 
Following previous reasoning the stress-strain relationship is given by: 
er = (Eo m (J) E. 
Eo E 
or a-= 1 + mE. ••••• (60) 
where m = 0 for compressive stress. 
Assuming that the strain is linearly distributed through the thickness, 
conventional theory for beams leads to the following expression for the 
strain at a distance ~ from the neutral axis : 
E. = 
where R is the mean radius of curvature of the beam. Then, if L is the 
length of the beam and ~ is the end slope, 
R L = jJ 
• E. ~ .. = L 
for the total force across a cross-section to be zero: 
r(d + e) 
l er. 
-(d·- e) 
= o 
..... (61) 
where 2d is the dapth of the beam and e is the eccentricity of the 
neutral axis from the centroid. Substituting for CS" from Er,. (60): 
~(d + e) 
-(d - e) 
= o 
Separating the compressive and tensile components and putting m = 0 
for compression: 
Eo ~ E. ~ (d+e) + Eo ~ E. ~ = 0 
1 +m€ 
-(d-e) ·0 
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Substituting from Eq. (61) for c and noting that' ~ and L are 
constants: 
'6 '" 
-(d-e ) 
+ 
l-+<n mu ( L ) 
The denominator (1 + ~) may b'e expandad in power series, and if 
terms higher then third order are neglected, the above equation 
becomes: 
+ 
(~) 
( L ) 
(~)2 
( L ) = o 
The L. H. S. of the above equation can now be readily integrated and 
••••• (62) 
simplified. Assuming now that d, m, L, and ~ sre given in,the s~ate-
ment of the problem, the only unknown in the equation is the eccentricity e. 
The roots of this equation may be obtained by several methods, such es 
trial and error and graph plotting, and the actual value of e so 
determined. The strains at tha outer fibres of the beam are then given 
by: 
The 
= if. (d+e) 
L 
corresponding stresses 
Eo €l 
eTl = 1 + m£l 
<r2 , = Eo E2 
••••• (63a) 
••••• (63b) 
are given by: 
••••• (64a) 
••••• (64b) 
The above method is based upon a rigorous non-linear analysis. 
If tha approximate method outlined previously is used, the strains 
are given by: 
if.c1 
L ..... (65a) 
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~ 
L ••••• (1)5b) 
and the stresses are calculated as before from Eqs. (648, b). 
If no modification for non-linearity is introduced, the strains are 
as givan in Eqs. (65a, b) and the stresses are obteined by using the 
straightforward Hooke's Law relationship as in Eq. (64b). 
In order to compare results obtained by the above three methods, 
i.e. the "exact" non-linear technique, the approximate "mixed" approach, 
and the linear method, a beam of length 10 in. and thickness 0,2 in. 
may be considered to be in 8 state of pure bending such that end slopes 
of ~ are produced. The stresses corresponding to this st~te are similar 
to the thermal stresses that would be produced in the beam if a linear 
temperature gradient existed through the thickness, and if the ends 
were fully restrained. 
fig. 37c shows the values of meximum tensile and compressive stresses 
in the beam for different values of~. It may be observed thet elthough 
for compressive ·stress the approximate mixed approach has no advantage 
over the linear method, for tensile stress the former is claarly 
superior. 
So as to obtain a further assaesment ·of tha approximate method advanced 
here, an analysis similar to the above for beams ·may be carried out for 
a thin, circular plate, This should provide a test of the applicability 
of the method in a two-dimensional situation. Again, for tha sake of 
simplicity, pura bending is considerad, and the plate is bent to a 
spherical shape. If tha radius of curvature is R, and the slope at the 
edge is ~, then, .as bafora, the strain at a distance ~ from the neutral 
surface is given by: 
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£e Er 
~ 
= = R 
or €. = 
~ 
a 
••••• (66) 
where a is the edge radius of the. plate, and IS = £e = Er. 
Also, the hoop and radial stresses are equal, i.e. 
a- = (J = «T" r e 
so that the usual Hooke's Law relationship in two dimensions becomes: 
(Eo + 
or· er = li. 
I-V 
Putting E:: Eo m (f" 
and re-arranging, the following stress-strain relationship is obtained: 
Eo e. 
= ..... (67) 
The procedure now is analogous to that outlined above for beams, and 
will therefore not be detailed further. 
The three different approaches are now used to analyse a circular 
plate for which a = 5 in. and d = 0.2 in., bent to a spherical surface 
with an edge. slope ~. The stresses induced by this are the same as 
the thermal stresses ceused by a linear temperature gradient through 
the thickness with the edge of the plate being fully restrained. 
The maximum tensile and compressive stresses for varying values of It 
obtained using the three methods are shown in Fig. 38. Once more the 
mixed approach compares much more favourably with the exact solution 
than does the straightforward linear method. This advantage is, as 
before, not present for comprassive stresses, but it should be recalled 
that failure in cast iron would virtually always occur in tension, not 
in compression. 
The two examples chosen· for checking the· validity of the approximate 
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method suggested for use here possess simple stress distributions, 
and this is why it was possible to derive relatively straightforward 
analytical procedures for the exact solutions. It has been clearly 
demonstrated that this approximate modification for calculation of 
stresses in these cant iron components yields superior results to 
an analysis which disregards the non-linearity. It may be argued that 
for the mote complicated stress distributions in the brake disc the 
situation will not be so cleer-cut, but it seemS logical to predict 
that use of the approximation should still be advantageous. 
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CHAPTER 5 EXPERIMENTAL VERIFICATION. 
5.1 Introduction. 
In Chapter 1 a theory was developed for predicting the temperature 
distributions in brake discs for given braking conditions. Experi-
mentel results obtained from dynamometer simulations of braking 
duties showed edequate correlation with the theoretical temperatures. 
Assuming that tha temperature ,distribution was now known, t.he chapters 
, , ' 
that followed showed how a numericel method besed upon shell theory 
could be devised to evaluate the str,esses snd distortions in e brake 
disc. ReGults obtained using this numerical method were compered with 
anelytical solutions for stendard cases, and the validity of the msthod 
was confirmed theoretically in this .,ay. 
It remains, however, to examine the extent to which this 'theory would 
predict the actual behaviour of a brake disc. The objective in this 
chapter is to demonstrate such an experimental justification for the 
theory. 
The most direct procedure, and one that could produce incontrovertible 
evidence regarding ,the validity of the theoretical work, would be the 
measurement of strains and distortions in a breke disc fitted to an 
automotive vehicle which was 'subjected to given types of braking duties. 
In practice, this kind of test would not be productive, ch{efly because 
it would lack the essentials of 'a controlled experiment, but also 
because of the time and expense involved in the inevitable "debugging" 
of the experiment, dummy runs, and replication of previous experimental 
configurations. 
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Having specified that the experiments should be donI) on thl) actual 
cast iron disc, problems of idealisation if model techniques were 
used are eliminated. The obvious choice as the strain-sensing medium 
is the strain·gauge. Then, one possibility is to install strain 
gauges on e disc and to perform dynamometer tests as was described 
in Chapter 2 for measurement of temperatures. The disadvantage of 
this procedure would be in the complexity, and consequent proneness 
to error, of the instrumentation associated with the simultaneous 
recording of output from several thermocouples and strain geuges 
transmitted via slip-rings. 
The policy finally adopted was an indirect approach, cd th the merit 
that the experiments could be done under controlled laboratory conditions 
with the effects of extraneous variables reduced to an acceptable level. 
It was assumed that on the basis of the work described in Chapter I, 
the temperatures in the disc corresponding to a particular braking 
duty could be predicted with a good degree of confidence. Thus, if 
temperature distributions could be created in the disc such as would 
occur under braking, the strains could be measured and compared with 
theoretically-predicted strains for the same temperature·distributions. 
In designing the experiment, therefore, the problems may be broken down 
into the following two general areas: 
a) producing auitable temperature distributions; 
b) measuring the temperatures, strains and distortions. 
Various methods of producing temparature gr.adients were considered. 
The method finally adopted was based upon the use of electrical 
ring-shaped heaters clamped on to the rubbing path of the disc on either 
side, so as to· create temperature gradients symmetrical about the disc 
axis. Air would be blown over the bell to control ths te~perature 
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gradients achieved. Surface thermocouples were used to measure the 
surface temperatures on the disc, and high temperature strain gauges 
measured the strain levels. The distortion of "the rotor portion of 
the disc, ~hich would indicate coning, was measured by means of silica 
rods in contact with the rotor, the movements of which were detected by 
dial geuges. 
The following section deals with the experimental configuration in 
detail. 
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5.2 Experimental Ris. 
Fig. 39 gives a view of the experimental set up, indicatlnQ the 
instrumentation. The brake disc installation is shown in diagrammatic 
form in Fig. 40~ The brake disc was bolted on at its mounting flange 
to a hub. The end of the hub was screwed to the base-plate, which 
stood on three legs. The ring-shaped heating elements were 5/16 in. 
diameter incoloy sheathed elements, supplied by A.E.I. Hesting Limited 
as straight lengths and formed by college technicians into the desired 
shapes. There were five elements clamped on to each side of the disc. 
Each element was rated at about BOO watts, which meant that the maximum 
haat availeble was about B kW. Calculation of the heat dissipated during 
steady braking as given by Eg. (2) in Chapter 1 indicated that for 
representative braking conditions B k\~ was an acceptable upper-bound, 
end that sufficiently high temperature gradients could be produced in 
the disc. 
The heaters were controlled by a 'Eurotherm' thyristor temperature 
controller linked to a thermocouple on the disc, used as the control 
thermocouple. Temperature control in order to produce a steady temper-
ature distribution is achieved with this instrument by on-off switching, 
with anticipation of rate of rise of temperature for overshoot 
inhibition. In practice this instrument was round to perform very 
successfully in holding the control thermocouple at a steady temperature, 
although after the initial switching-on for each test the 'eettling 
time' could be up to half an hour. 
Heat 10s8 from'the braking surfaces is minimised by using three 
asbestos-wound steel tubes as shown, and also by the circular asbestos 
plates at the top and base for insulation. 
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The method employed to create slJitable temperature gradients down 
the ball of the disc was to blow cold air on to the inside and 
outside surfaces of the bell. As a secondary method, the hub was kept 
cool by copper tubing tightly wound around it through which cold water 
was circulated •. Tests conducted later indicated that the latter 
procedure influenced the temperature gradients significantly only 
when overall temperatures were high. 
The air supply was taken from the laboratory compressed air supply to 
a valve, from which·two lines were taken, one to the top of the rig 
and one to the bottom. It was arranged that the air was blown 
symmetrically on each surface of the bell, so as to create axisymmetrical 
temperature distributions. The valve was used to regulate the amount 
of air going through each line. This made it possibls to set up equal 
tamperaturee on the inner and outer surfaces at points op the bell, 
thus minimiSing temperature gradients through the thickness. 
Distortion of the rubbing path of the disc was measursd by means of 
the five silica rods, which acted as push-rods and indicated displace-
ments on dial gauges mounted on a pletform at the upper portion of the 
rig. The central rod was allowed to bear on the hub face, acting as 
a referenca, and all dial gauge readings from the other rods were 
compensated to allow for the displacement indicated by the central 
rod. This enabled a comperison to be made with the theoretically-
predicted axial displacements of the disc, which were calculeted relative 
to the flange. The difference in displacements between the rods on the 
inner edge of the rotor and the outer edge of the rotor gave an 
indication of the coning experienced by the disc •. It should be noted 
that the coefficient of thermal expansion of the silica rods wes 0.54 x 
10-6 per degree Centigrade, which is so low that errors introduced due 
to thermal expansion of the rods were negligible. 
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5.3 Instrumentation. 
For measurement of temperatures a total of twelve thermocouples 
were used, instelled on the surface of the disc at the positions 
indicated in Fig. 41 and Table 2. The thermocouples were chromel/alumel 
"Insugla.ss" and were bonded to'the surface by l'licro-I'leasurements epoxy 
rasinadhesive capable of withstanding up to 3000 C. 
Bearing i.n mind that the objectives in measuring the temperatures 
were to monitor the temperature gradient over the bell of the disc, 
and to ensure that the temperature gradients in the circumferential 
direction and through the thickness of the bell were negligible, the 
ideal plan ~ould seem to be that as many thermocnuples as possible be 
installed on both the inside and outside surfaces of the beil. In 
practice, available space was limited; strain gauges too must be 
installed, and the adhesives and protective ,coatings for the strain 
gauges and thermocouples ",ould tend to occupy a greater area than 
would be imagined at' first. Also, a proliferation of lead wires 
coming out of a confined space would be detrimental to adequate (and 
symmetrical) cooling of the disc by eir blown over the surface. 
Limiting the number of tharmocouples to twelve was found to be e 
good compromise, provided that these thermocouples were utilised 
intelligently. 
Positions 2, 3 and 4 on the bell, Fig. 41 and Table 2, are identical 
meridionally, and 'so the thermocouples at these positions indicate the 
circumferential differences in temperatures. Position 9 is directly 
opposite position 4 through the thickness of the bell, and should 
give an indication of through-thickness vari?tions of temperature 
in this region. Further down the bell thermocouples are placed so that 
an adequate plot of the temperature gradient in the meridional 
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, 
~istance from 
Rotor End 
inches 
0.05 ; 0.30 : 0.70 U/S; 1.45 0.20 0.30 ,. 0.50 1.30 
strain iMerid- 1 ,_ i _. 3 ! 5 _. 7 9 
Gauge . iona1 :(1/8 I~K)1 • • (l/8 E.~) l(l/S WK)(l/S '.ilK) :(1/s E.~), 
No. ; .... - ............. - ....... ---, - ...... --.+ ...... ---.. -,.-.. --.. ---j--... --.-.. -----.-.····c·_-·· .......... ;--......... -- ........... __ .j 
and i Circum-, 2 4 6 8 10 
,-_~~~~._Jf.e:_ential ; (t WK) __ .L. __ .~~:'A.~J~~:.Iij:~ ___ . . ... 5tWK) et EA) j 
. TABLE 2 Positions of thermocouples and strain gauoes on 
experimental disc. 
direction may be obtained. Position 12 was specified to provide 
information on the temperatures of the rotor portion of the brake 
disc. 
Fig. 42 shows in diagrammatic form the simple circuit for temperature 
measurement. All leads from the thermocouples were brought to a 
small "patchboard", whence wires were taken to the temperature 
indicator/controller, a 12-way manual sele.ctor switch, and a 
millivoltmeter with digital readout, connected as indicated in the 
diagram. The digital voltmeter was set to the range 0 - 20 mV. and 
had a resolution of 0.01 mV. The cold junction was thus taken to be 
at ambient temperature for all thermocouples. This "raS considered 
satisfactory for the magnitudes of temperatures that were to be reached 
during the tests of main interest, but as a safeguard against 
unacceptably high fluctuations of room temperature, a thermometer was 
mounted near the cold junction to monitor these temperature variations 
during a test. 
The e.m.f./temper~ture calibration supplied by the thermocouple 
o 
manufacturers was checked accurately up to 100 e by comparing the 
output from a thermocouple with thermometer readings in a beaker of 
water heated to boiling point. Later, during the tests described in 
the next section, the outputs from all the thermocouples on the disc 
were checked against thermometer readings up to l80 0 e, with the disc 
and the thermometer placed inside an oven. This proced(ire was intended 
to validate the installation and circuitry of all the thermocouples. 
The choice of strain gauges in this application· was dictated by two 
mai~ factors. Firstly, the measurement is concerned with thermally-
induced strains, which means that the "apparent strain" due to free 
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thermal expansion of the component should be compensated. 
Secondly, strain gradients may be high over the length of bell, 
which means that short gauge lengths should be used. 
It was decided that the temperature-compensated r',icro-Measurements 
strain gauges in conjunction with the threa-lead wiring system would 
be used. Although these strain gauges are not supplied with compen-
sat ion for the cast iron grade 17, which was the material of tha 
brake disc, it was felt that utilisation of the gauges compensated 
for mild steel, which has a coefficient of thermal expansion of about 
-6 0 -6 0 10 x 10 per C compared with 12 x 10 per C for the cast iron, 
would prove satisfactory for the purpose.' The "apparent strain" 
component of the strain output could be expected to be reasonably low, 
and the accuracy ,achieved by subtracting the apparent strain from the 
total strain to obtain the actual stress-inducing strain should be 
acceptabla. Naturally, the apparent strain curves supplied by the 
manufacturers should not be used in this case; results should be 
obtained for this particular installation. 
It should be noted in passing that the alternative method of measuring 
thermally-induced strains by arranging that the dummy gauge is at the 
seme temperature 'as the active gauge and putting them in a conventional 
half-bridge circuit would not be practicable in this case due to the 
temperature gradient that exists over the bell. 
A diagram of the three-lead wiring system is shown in Fig. 43. 
This system is becoming popular since the increasing use of temperature-
compensated gauges, and is of spscial importance in a hot environment 
such as in the present case, where the leads are subject to significant 
temperature changes. Using the three-lead system it can be seen From 
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the diagram that one lead wire is placed in each of two adjacent 
arms of the bridge, and errors due to th8 temperature coefficient of 
resistance of the. wires are minimised by the .compensation thus 
achieved. 
When cast iron components are heated for the first time, it is known 
that impurities are released and come out to the surface. Th~se can 
afFect adhesion of the strain gauges and thermocouples. The orthodox 
method of evoiding this problem is to ·soak" the component in an oven 
at a temperature higher than the test temperature. This brings out the 
impurities to the surface, and the areas of interest are then cleaned 
prior to installation of the strain gauges and thermocouplos. 
The above procedure was used for preparation of the braku disc. As 
r~icro-~1easuremBnts strain gauges were being userJ, the surface prep-
.ration techniques recommended by those manufacturers were employed. 
These techniques are described in their Technical Note TN-135 available 
from Welwyn Electric Ltd •. , their licencees in the U.K. The adhesive 
used was again from the same suppliers. It was an epoxy resin called 
. 0 M-Bond 610, useful at temperatures up to about 400 C. Curing et 
o temperatures of about 200 ewes called for, as recommended in 
instruction sheets supplied by the manufacturers (Bulletin 8-130). 
Ten strain gauges in all were installed on the bell of the disc. 
As strain. gradients in the meridional direction were expected to be 
high, gauges of short geuge length, l/B in , were used for measuring 
meridional strains. Ideally, the configuration wes axisymmatricel, 
and so strain gauges of 1/4 in gauge length were used for measure-
ment of circumferential strains. 
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Two different types of geuges were used, both with temperature 
compensation for steel. Gauges of the WK series, which function up 
to temperatures of 4000 C , were employed in the regions of higher 
temperatures in the bell. . 0 EA series gauges, useful up to about 180 C 
but considerably less expensive then the WK gauges, were used 'dhere 
the temperatures were expected to be lower. Table 2 and Fig. 41 
show the poeitions of the various gauges. It can be seen that the 
gauges are installed on either side of the bell and at various 
distances along the bell so that a rapresentative pict~ra of the 
strain levels may be obtained. One pair of gauges is positioned at 
the fillet radius in order to asseS3 the stress-raising effact of the 
discontinuit y. 
The strain-indicating equipment employed consisted of the Budd ~lDdel 
HW-l portable strain indicator· used in conjunction with the Budd 
Model SB-l switch-and-balance unit, with pOlder supplied from batteries. 
The indicator was of the null-balance type with a readability of 
+ 1 microstrain, and a claimed accuracy of - 0,1% of strain reading 
or 5 microstrain, whichever is the greater. + The range wes - 30,000 
microstrain, and the appropriate gauge factor could be set on a dial, 
The thrae-lead wiring system could be used with ease with this 
instrument, the circuit .then being wired as e quarter-bridge, A minor 
problem arose in that the rssistances of the strain gauges were of two 
values, either 120 ohms or 350 ohms, so thet one dummy gauge (or 
precision resistor) common to all the active gauges could not be used. 
Therefore, two precision resistors, one of 120 ohms and the other of 
350 ohms, were put in the Circuit, the appropriate one being switched 
in as required. The switch-and-balance unit allowed a ten-way 
extension of the strain indicator with manual switching between the ten 
strain gauges, A diagram of the strain-measurement circuit is shown in 
r- .... itA 
I ~~ • .......... 
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5.4 Apparent Strain Measurements. 
As explained in the previDus section, the strain Clauges used were of 
the temper~ture-compensated type. This implies that according to 
information supplied by the manufecturers, gauges bonded to the 
appropriate material should exhibit virtuelly no apparent strain 
eFFects (i.e. strains that do not induce stresses) at normal ambient 
temperatures. At higher temperatures this apparent strain is slill 
much lower than in ordinary gauges. As no gauges are supplied for 
compensation when bonded to the particular cast iron used far the test 
brake disc, gauges compensated for steel ,"ere employed. Thie meant 
that the manufacturers' data was no longer applicable, and tests to 
measure apparent strains had to be performed. 
Before testing the disc itself it WBS considered useful to do a 
'dummy' test on a small piece of mild steel on which had been bnnded 
a ~1icro-l'1easurements EA-type strain gauge. This would provide a 
comparison with the apparent strain curves supplied by the manufacturers, 
and hence check the validity of the axperimental set-up, including the 
circuitry and the measuring equipment. 
The steel specimen had in addition to the st'rain gauge e thermocouple. 
bonded to its surFace. The strein gauge was wired via a three-lead 
system to the strain indicator, and the thermocouple was connected 
to the digitel voltmeter. The specimen was placed inside an oven, 
and a thermometer was. also partly inserted into the oven through the 
appropriate opening in order to monitor the temperature. The oven 
was heated slowly up to a given temperature, and when it was clear 
that steady conditions were prevailing, temperature readings, DUM 
readings· and strain readings were taken. In this way measurements 
were obtained up to a maximum temperature of 180°C. The procedure 
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was then repeatad for decreasing oven temperatures down to room 
temperature. 
The results showed that the thermometer readings correspunded closely 
to the tamperatures obtained from the DUM millivolt readings by 
applying the manufacturars' calibration. This justifies some 
confidenca in the thermocouple and the Dlffo1. The epparent strains 
obtained for this steel specimen is· shown in Fig. 45, and compared with 
the manufacturers' curve for steel. The correlation is seen to be 
good, and it may be concluded that the strain-measurement circuitry 
was functioning properly. 
For.thR actual apparent strain tests the steel specimen was removed 
from the oven, and the brake riisc, with strain gauges and thermocouples 
installed on it, was placed in the oven. All the gauges ware connected 
to the strain indicator via tha ID-way switch-and-balance unit, and the 
thermocouples were wired to the 12-way rotary· switch and thanca to the 
DUM. Again, ';he thermometer was used to measure the ooen temperature, 
and the room temperature was also monitored by another thermometer. 
The test procedure was as described above for the steel specimen, with 
the oven temperature being varied sequentially and measurements being. 
made for increasing and then decreasing temperatures. However, it was 
felt that with this experimental plan the danger exists of a bias 
creeping into the readings, owing to the influence of extraneous 
variables. In this particular case there was the possibility that 
steady-state may not actually have been achieved with each reading. 
Other extranecius variables such as "stickiness· in the instruments 
and operator fatigue may also adversely affect readings. Schenck (47) 
discusses this problem at length and recommends that, whenever practicable, 
a random rather than sequential plan should bg adopted for experimental 
-113-
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measurements. Consequently, a further test .was performed in which the 
order of temperatures for which readings were taken was determined by 
picking random numbers. In all cases the maximum oven temperature 
o . 
reached was 180 C, this being the safe operating limit for the EA~type 
gauges. 
Fig. 46 shows the apparent strain readings for the strain gauges. 
Early in these tests it was found that Gauge No. 10 had ceased to 
function (see Fig. 41 and Table 2). This gauge played no further 
part in subsequent tests. 
It can be seen from the graphs that there is some scatter in the 
results. The most obvious source of error is the one mentioned above: 
that steady-state conditions were not achieved for every reading. 
This shows up most clearly in Figs. 46c, d, where the readings for 
decreasing temperatures seem to be in error, but the effect is also 
apparent, to a lesser extent, in the results for other gauges. 
Following the raasoning of Schenck (47) if one considers the results 
of a randomly structured experiment only, a certain amount of scatter 
may be expected. But the best curve through the randomly obtained 
points will be within acceptable limits .of accuracy. 
Hence, the apparent strain curves.finally obtained and used in all 
subsequent strain measurements were the best curves drawn throug!l the 
randomly obtained points .only. The least squares method was used to 
fit thR curves, and it was found that in all cases polynomials of the 
third order gave the desired curves. As a measure of the accuracy 
of fit the mean residual was computed in each case, and was found to 
lie between 2 and 5 microstrain, which was acceptable. 
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A point of interest arising from these results is that apparently 
identical gaug~s from the same batch may haVR different apf1arent 
strain characteristics. This can be observed in the curves for 
gauges 1, 5 and 7, which are all of the WK-type bf gauge length 
1/8 inch; gaugps 2, 6 and 8, which are all 1/4 inch WK; and 
gauges 3 and 9, which are both 1/8 inch EA-type gauges. This should 
serve as a warning that for accurate results gauges. should be 
individually tested for apparent strain. 
-ll:~ 
·5.5 Experimental Procedure and Results. 
With the apparent strain curves having been obtained f~r all gouges, 
thn hrake disc wae. removed frrJm the oven, installed in the test 
rig and the instrumentation connected as rlescribed in Sections 5.2 
and 5.3 Preliminary tests were conducted to ensure that the apparatus 
was functioning as intended. In particular it waa checked that 
adequate temperature gradients anrl strain levels could be achieved, 
that axial symmetry was produced by appropriate direction of the 
cooling air, and that equal temperatures on either surface of the 
bell at corresponding points through the thickness could be produced 
by proportioning of the air being sent by the valve to the two sides 
of the disc. 
With the eir flow set at a given level the temperature setting of the 
'Eurotherm' temperature controller \o'as varied, end the corresponding 
temperatures as given by the outputs of all the thermocouples were 
recorded. As can be seen from Fig. ·47a, the temperatures varied 
linearly with respect tc each other, the experimental scatter being 
small. This indicates that the cooling conditions, i.e. the convective 
heat transfer coefficient, did indeed stay reasonably constant during 
the experiment. It appeared, therefore, in these experiments, that 
rather than recording the strains at a particular temperature 
distribution in the disc and comparing these with the theoretically 
predicted strains, it would be possible to obtain for each strain 
gauge a curve of strain versus 'load', the load here being represented 
by the tempereture at a givan point in the disc. Theoretically, this 
curve should be a straight line. Experimental results obtained thus 
should produce information on trends at low or higher temperatures, 
.rather than simply showing strains for a given temperature distribution. 
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As with tha apparent ,strain tests described previously, it was 
decided 'that a random plan for the experiment would initially be 
adopted, with the ordAr of temperature settings on the temperature 
controller being decided in a random fashion. The main reason for 
this was as before: the experiment relied upon steady-state 
cond;tions being reeched, and if in fact steady conditions were not 
prevailing when readings were taken, a randomly structured experiment 
would show this effect as scatter about a mean curve which ,.ould 
be the true mean curve. However, unlike the apparent strain tests, 
in these tests there is an element of irreversibility. Because of 
the slight non-linearity of the stress-strain curve f~r cast iron even 
at low stress levels, the meterial does not return to its original 
state after being stressed. If this effect is significant, the 
random~plan tests would produce misleading results. It was decided, 
therefore, that a 'sequential' test would alBo'be performed, wlth 
readings taken for increasing temperatures and then for decreasing 
temperatures in the usual manner. 
(a) Random-Plan Test. 
The sequence of temperature sattings on the temperature controller, 
which was coupled to the thermocouple at Position 5 (s8e fig. 41 
and Table 2), was chosen randomly, and were in the 'folln"in"g order: 
"1200 C, BOoe, 1400 e, 600 e, 400 C. Preliminary tests had indicated 
that five readings could be conveniently taken in the available time 
for the test. 
The procedure was as follows. With the apparatus at room temperature 
the dial gauges wera zeroed and the strain gauges were balanced, the 
strain indicator readings at balance being noted for each gauge. 
o The temperature controller wes set at 120 C, and the apparatus allowed 
to heat up until steady-state conditions had been reached. This I.as 
indicated when the thermocouple outputs on the DVf1. sh!'wi)9 constant"" 
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with time. All the thermocouple outputs were then noted by 
owitching through ell the thermocouples, and later converted frnm 
millivolts to degrees centigrade by using the apprnpriate calibration 
tabla. Each strain gauge was balanced again and the new reading 
noted. Tha strain is then given by the difference between this 
reeding and the initial x:eading'. However, the true strain is obtained 
by subtrecting from this value the apparent strain expected to ba 
shown by the geuge at thet gauge temperature, this apparent strain 
being read off from, the curvas previously obt,ained. 
The temperature controller setting was then altered and the procedure 
repeated for the, five sets of ,readings. 
Fig. 47a shows how the temperatures in the disc varied with the 
temperature of the controller thermocouple. Acceptable linearity is 
evidenced, with a small amount of, scetter, and it may be, concluded 
that the cooling conditions remained virtually constant. The results 
for the thermocouple at position 6 are not given as it was discovered 
to be unserviceable. This thermocouple was of no further use in, 
subsequent ,tasts. ,Thermocouples 2, ,3, and 4 did not differ by, more 
'0 ' then 2 C from eech other even at the meximum temperatures reached, 
from which it followe that axial symmetry ,had been achieved ,within 
acceptabiii limits. Thermocouple 'g, which was directly opposite 
thermocouple 4 through the bell' thickness, showed tampsratu'res, 
conSistently slightly above thermocouple, 4. This is to be expected, 
es, because of the junction offse!:, thermocouple .9 was sli.9htly 
nearer the heater surface than ,was thermocouple 4 (see Fig. 41). 
,The strain output from each gauge is shown ,in' Figs. 47b-e. : The 
strains are plotted a.9aihst the temperature of thermocouple 5, the 
-l1B-
controller thermocouple. As the temperatures varied linearly with 
respect to each other, the temperature at any thermocouple position 
could have been chosen as the abscissa. Plotted against the same 
variable, however, the strains from each gauge are more readily 
compared with each other. 
(b) Sequential-Plan Test. 
In this test the controller temperature was varied from ambient to 
14ooe, and readings of temperatures and strafns taken at eteps of 
loOe. The temperature wae then lowared incrementally and readings 
similarly taken. Before every reading it was ensured that the 
temperatures were holding steady, as far as possible. Further details 
of the procedure were the same as previously described in the random-
plan test. The temperature variation was acceptably linear, as can· 
be seen in Fig. 48a, with a small amount of scatter. The st·rains 
are shown in Figs. 48b-e, plotted as befora against the controller. 
thermocouple temperature. 
(c) Deflection Tests. 
This experiment was carried out to determine the amount of· coning 
exhibited by this disc·, which had been designsd as a no-coning disc, 
·end to mea8~re the axial displacements for comparison with the 
thaoretically-predicted values. It may be recalled from the intro-
ductory chapter that the amount of axial defiection at the rubbing 
path is an important considaration in tha design of brake discs, and 
; 
should be kept within ·acceptable limits. [ariier in the present chapter 
it was explained that silica push-rods bearing on the rubbing path of 
the disc and producing a read-out on dial gaugas ware used to measure 
the axial displacement. 
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Once again, for the reasons previously discussed, both random and 
sequential-plan tests were carried out. These tests were performed 
on the same day and under the same cooling conditions, hence similar 
temperature curves wera obtained for both, as shown in Fig. 49a. 
The dial indicator readings for the two tests are shown in Figs. 4gb-a, 
plotted against the temperature of the controller thermocouple." 
(d)" Results for No Air Flow. 
The cooling air directed on to the bell of tho brake disc might have 
created certain undesirable effects, such as causin9 the surface thermo-
couples to read temperatures lower than the actual values at the 
surfece, or creating unacceptably high through-thickness temperature 
gradients. In order to investigate these effects an experlme"nt was 
performed with the air supply turned off. As might be expected, the 
strains producad in this case were Iou, in magnitude compared with 
the values in the previous tests, the temperature gradient being much 
less steep. "Th\,se strains are sho.wn in Figs. 50b-e. The temperature 
variations, plotted as before, are shown in Fig. 50a, and are seen to 
behave linearly, as desired. The experiment was conducted in the normal 
sequential manner, with the temperatures rising incrementelly, and then 
falling to ambient values. 
(e) Drift Tests. 
These final tests were cerried out to investigate the 'drift' in the 
readings, i.e. for a partic.ular experimental configuration to observe 
thEi change in temperatures and strains with time •. Having zeroed the 
strain indicator readings for ambient "temperatures, the ter"per"ture 
controller was sat to 600 e, and all tharmocouple and strain gauge 
readings taken when steady conditions were seen to exist. The temper~ 
ature setting and cooling air flow setting wera left unaltered for 
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one hour, during which period of time threo further sets of readings 
were taken. The temp~rature controller was then set to BoDe end the 
procedure repeated over another hour. Next, this setting was reduced 
to 40°C, and then to room temperature, end results were obtained in a 
similar fashion. 
Table 3 shows some examples of the results obtained. These are given 
as representative samples of the readings. A better overall picture 
is obtained if the results are plotted as in the earlier tests, as 
shown in Fig. 51a and Figs. 5Ib-e. From Fig. 51a the behaviour of the 
temperatures with respect to each other can be observed, and from 
Figs •. 51b-e the variation of strains with 'loading' can be examined. 
Temperature 60°C BOoe 400 C Controller 
Thermocouple 5 B 2 
Strain Gauge 2 5 8 
Reading 1 3Boe 21B/{s 75°C -37B.tis 16°C 73/ts 
Reading 2 37°C 196Xs nOe -371..;'{s 16°C 75 .ft s 
Reading 3 3SoC 1 52.-'(s nOe -372 As . . 17°C 82 .ft s 
Reading 4 340 e 164.fts nOr: -3~5 /is 16°C 75/(s 
. 
TABLE 3 Drift in strain gauge readings 
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5.6 Discussion. 
For comparison with the experimental results described in the previnus 
section, corresponding , theoretical results were obtained in, the following 
manner. The first stage concerns the temperature distribution over 
the whole of the breke disc; which hes to be used as data for 
computations of the strains end distortions. The exp8timentally 
measured values of temperature are at particular points on the disc 
only, and therefore do not give a complete temperature distribution. 
The theory given in Chapter 1 for obtaining the steady-state temperature 
rlistribution was utilised. The experimentally determined temperature 
at the inside diemeter of the rotor l"as used as the end condition for 
ohteining the temp8reture distributions in the bell corresponding to 
'several different values of hc' the convective heat transfer coefficient. 
Three such distributions are shown in Fig. 47f; thesa relate to the 
random-plan test described earlier. The theoretical curve that showed 
the best fit with the experimental values was then deemed to be the 
one corresponding to the existing conditions;, in this case hc was 
assumed to be 0.007 BTU/ft2s oF. 
Although the temperature distribution in the bell can thus be obtained, 
the temperatures in the rotor at the rubbing path must also be 
determined. This was done by utilising the appropriate value of heat 
transfer coefficient obtained previously, and using the theory for 
transient temperature distributions described in Chapter 1. A vehicle 
of a given weight is essumed to be subjected to steady braking while 
travelling downhill, and the final steady-state values of temperatures 
reached are noted. If the temperature, achieved at the inside diameter 
of the rotor is Tl and if the temperature determined experimentally at 
the same position was T2' then all'the theoretical temperatures may be 
scaled by multiplying by T2/Tl in order to obtain the correct temper-
ature distribution corresponding to the experimental configuration. 
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The computer program embodying the shell theory developed in 
Chapter 2 was tllen utIlised for computatinn of the strains and 
distortions in the disc. As input, the program was fed the disc 
and hub geometry, Fig. 40, and the temperature distribution over the 
disc as obtained above. 
As argued previously, if the temperatures increese linearly with 
respect to each other, the strains can be expected to increase linearly 
with the thermal loading, if the material has linear stress-strain 
properties, and if the maferial properties do not change with 
temperature. Examining the results for the random~plsn test, it is 
observed that the temperatures are linear with rflSpp.ct to Bacll other, 
Fig. 47a, hence the theoretical curves ror strains ara the straight 
lines shown in Figs. 47b-e. 
From the sets of curves for strains the general conclusion is drawn 
that the experimental] y measured values correlate well with the 
theoretically predict.d strains, considering the errors inherent in 
both the theory and the experiment. Another way of looking at the 
results, which gives n clearer overall comparison, 'is by plotting the 
strain distribution over the bell at a particular tempera Lure distrib-
ution. Figs. 471g',h show that staep strain gradients exist in the 
,bell, and that bearing this in mind the agreement between th~oretical, 
and e,xperimental values is acceptable. A further remark can be made 
concerning strain gauge 4 situated at 1.45 inches down the bell. 
The considerable amount of scatter shown in Fig. 47c makes the results 
look poor, but this is really due to the low level of strain at this 
point. 
One common characteristic can be noted in the curves shown in Figs. 
47b-e. This is that the experimental points do appear to lie on 
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ntroiqht llnon, although in the case of the f'ositive strains tllese 
• • are not 9lreight lines that pass through the origin. To investigate 
this observation more closely, each set of six points (including th8 
zero strain reading at ambient temperature) obtain~d for each gauge 
was pr,ocessed by the least squares method to fit the best straight line. 
The correlation coefficients were computed for each set of ,data, and 
are given in Table 4 • 
.. 
I strain Gauge No • 
,---'_. __ .---' 
Correlation Coefficient 
..... ~ -_ ..... -._------_._----- ----.. ---
. ! 
1 .999 
i 
I 
.,c _____ 1 
2 .990 
3 .997 
4 .359 
j. , ,-~ 
i .99B ! 
I 
,5 
, 
! 
.991 
.999 
.994 
.988 
---- .. --------- .. ---'-------- .. _- ------ -- --- .. _---------' 
TABLE 4 Correlation coefficients for strain readings 
in random-plen tests. 
From Table 4 the interesting conclusion is drawn that the negative 
et rains produce more-accurate straight linss than the positive strains. 
This will be investigeted further when considering the results of the 
sequentiel-plen experiment. 
For the sequentiel-plan test too the temperatures are seen to I')ave 
behaved linearly with respect to each other, Fig. 4Ba demonstrating 
that the convective heat transfer coefficient remained virtually constant 
throughout tha experiment. In the same way as before the best fit ~ith 
the experimentally determined temperatures was obtained by using the 
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steady-state theory for calculation of temperatures in the bell, 
and in this case the heat transfer coefficient was found to be 
0.005 BTU/ft 2s OF es shown in Fig. 48f. Again the strain curves in 
Figs. 4Bb-e show a pleasing comparison between theory and experiment. 
When the· strain distributions in the bell for a particular tamperature 
distribution, Fig. 48f, is plotted as shown in Figs. 481g, hit is 
seen that the correlation between theoretical and experimantal results 
is reasonable, but that et certain positions on the ball the theory 
seems to produce lower values then the measured qu·antities. This 
could be because the actual temperatures of tl'e rotor may have been 
higher than the aseumed values, thus creating larger radial displace-
menta at the rotor end of the bell than thought. 
However,.it is observed in the strain curves shown in Figs. 4Bb-e 
that the experimental points seem to lie on a non-linear curve, with a 
tendency to show increesingly higher values of strains at higher 
temperaturee. This is especially marl<ed in the curves for positive 
strains. 
1\ further point to be noted is thet the streins measured for decreasing 
temperatures appear to have drifted in the negative direction when 
compared with the strains for increasing temperatures. Again this 
tendency is more clearly evident in the positive .strain values than 
the negative. 
The absence of a significant amount of scatter· in the results - the 
points seem to lie on smooth curves - indicates that the errors were 
not of the random or· illegitimate types, but system·atic. The shapes of 
the curves give a clue to the reesons for the form of results for the 
random-plan test. Considering the positive strain values, if a 
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mHosurem8nt was taken after the temperature had been incraased, the 
strain valll8 recorded \~ould be higher than the correct value. If tIle 
temperature is then reducnd, and readings taken, the stra·ins indicated 
will be lower than the correct values. Subsequently, readings tak8n 
after another temperature increase will show higher strain values, and 
so on. Finally, the set of random readings will appear to lie on a 
straight line which has a greater slope than the true slope, and a 
negative intercept. This hypothesis fits in with the observed curves 
of Figs. 48b-1!. 
Considering the negative strains next, the strain readings for decreasing 
temperatures are generally higher in magnitude than the strains for 
increasing temperatures. It follows, therefore, that the. corresponding 
measurements for a random~plan test would·show arproximately e straight 
,. . 
line through the origin. Th!s kind of behaviour is observed in 
Figs. 47b-e. 
It is appropriate now to list all sources of error which may have had 
a bearing on the comparison between theoretical and experimental 
results. These mey be conveniently classified into two categories: 
errors arising from the idealised theoretical model not exactly 
corresponding to the actual disc installation, and errors due to the 
experimental set-up not being 'perfect'. 
Errore due to Theoretical Idealisation. 
Tl. The brake disc material, cast iron, was assumed to possess linear 
stress-strain properties for calculation of strains. It has previously 
been pointed out that the stress-strain curve is non-linear in tension 
(Fig. 19). 
T2. It was assumed that all material properties remained constant 
within the temperature range. In practice some variation will occur. 
T3. The assumption that temperatures ware axisymmetrical and constant 
through the bell wall thickness is an appruximation to the true 
situation. 
T4·. All the· implicit approximations usual in a theoretical solution,. 
such as assumed VD lues of material properties, end conditions, shell 
theory assumptions, will affect the results. 
T5. The computer solution requirements, such as idealisation of the 
ball into conical segments with constant temperature over each segment, 
will also contribute to the inaccuracies. 
Errors in Experiment. 
El. Drift and fluctuetion of temperat~res and strains. Creep of 
adhesives. Fluctuatio·ns of air supply. Variation of ambient temper-
ature affects thermocouple cold Junction temperature. Unwanted emfs 
in tharmocouple wires. Drift and precision errors in measuring 
apparatus; 'sticky' dials on strsin indicator. 
E2. Lack of exact axial symmetry of temperatures; variation of 
temperatures through the bell wall thickness. 
E3. Errors in positioning thermocouples and strain gauges. This 
would be especially significant where steep gradients of temperature 
and strain exist. 
E4. Cold air directed on thermocouples may cause lower temperatures 
·to be ·indicated than the true surface temperaturee. 
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[5. Effects due to the thickness of adhesives and strain gauges. 
E6. Tempnrature distribution over rotor portion of disc is not 
precisely known. It is probable that because heat loss is not so 
great at this surface, the actual temperatures could be rath~r higher 
than the values assumed. This would slightly increase the magnitudes 
of strains predicted theoretically. 
E7. Errors in epparent strain curves. Any inaccuracies sustained 
during these earlier tests would have a bearing on the final results. 
EB. Variation of strain gauge factors with temperature. ManuFacturer's 
resul ts were used for this purpose,· and the effects were amafl. 
It should be explained that the above are possible sources of error, 
and not pieced in any order of importance with regard to th~ present 
experiments. A painstaking account here of the magnitudes and influences 
of each source of error is not considered worthwhile. Suffice it to 
say that most of the points mentioned were found to have a negligible 
eFfect, and indeed the design of the experiment assumed that this would 
be the case. However, the two points El and E4 were thought to merit 
further investigation. Therefore, the tests on drift described earlier 
were carried out to assess El, and the tests with the cooling air 
supply shut off wers:performed to assess the effects of E4~ 
From Fig. 51a it is noted that although the temperatures do fluctuate 
over a period of time, their variation is linear with respect to each 
other within a range of about laC. However, this fluctuation, although 
at a slow rate, implies that true steady-state conditions did not exist. 
Hence the strains. indicated incl'Jded a component due to transient 
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temperatures. The strains shown in Figs. 5lb-e demonstrate that 
in general if temperature veri at ions occurred over a period of time, 
the strains moved in the expected direction, i.e. ·increased with 
increasing temperature and vice-versa. It ·is difficult to quantify 
the apparent error here, but an estimate of i 30 microstrain from the 
mean value seems to be reasonable· for the most strongly fluctuating 
cases. 
The above remarks point to the causes of inaccuracies in the results, 
but these would lead to random discrepancies, and do not axplain the 
non-linearity evidenced by the strains in the sequential-plan test 
results. A hypothesis may be put forward that the cold air circulatiny 
over the surface thermocouples caUsas the tamperatures indicated by the 
thermocouples to be lower than those actually ~xiiting at the surface. 
Further, this cold air could create significant temperature differences 
between the inside of the wall of the bell and the surface, thus 
producing strains in the bell·in addition to the strains due to the 
meridional temperature· gradient •. These secondary strains would be 
tensile at the surfacas, hence their effect would be to show higher 
tensile strains than predicted theoretically, and lower compressive 
strains. 
To test the influence of the cold· air on the bell the experiments with 
the air supply shut· off were conducted •. The temperature distributions 
shown in Fig. 50a demonstrate the shallow temperature gradient over 
the ball, and it can also be saan that thare is more scatter in the 
experimental. values· than in the previous tests. The strains· measured, 
shown in Figs. SOb-e, are naturally much lower in magnitude, hence the 
values would be more prone·to inaccuracies. The main point in which 
interest lies is the general trend of the experimental results, not the 
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values obtainad. It is obvious onca again that the non-linear 
tendency is present, as also is the tendency of the strains for 
dacreasing load to differ from the strains for increasing load. 
However, in this .cese the results for negative strains show that 
the strain readings taken for decreasing temperatures are smaller 
in magnitude than.the corresponding readings for increasing 
temperatures, whereas with forced convection the former were greater 
in magnitude. 
In examining the.results of the deflection tests it should be borne 
in mind that accuracy is less important here than in the strain 
measurements. The·strains predicted by the theory should be reesonably 
compatible with the experimental results if this investigation is to 
be considered successful; to quentify this statement, agr·eemant of about 
10 - 20~1, should be aimed for at the higher strain levels. This is 
because a wildly inaccurate assessment of strains might lead to strength 
failure of the disc. With regard to axiel deflections, however, it is 
important only to ascertain whether the order of magnitude of these 
deflections is tolerably low. It is, of course, vital that the coning 
is small. 
The deflection results shown in Figs. 49 indicate that the coning, 
which is the difference between the deflection at the outer periphery 
of the disc and the deflections at the inside diemeter, is negligible. 
Thus this disc, which was designed as a nl)-coning disc, behaves as 
predicted.· This fits in with observations recorded elsewhere (9) 
where it was shown that brake discs designed for no-coning using ·the 
present technique exhibited negligible coning· when compared with 
other discs. 
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Both sets of experimentel results, the random-plan and the sequential-
plan teDts, show accepteble correlation with the theoretically predicted 
values, considering that the measuring ·apparatus was. not intanded to be 
sophisticated and of great accuracy. The random-plan results again 
show more scatter than the results from the sequential-plan tests. 
The letter axhibit, ee in the earlier tests, smooth but non-linear 
experimental curves. The deflections measured for decreasing temperatures 
are larger than the results for rising temperatures. The likeliest 
explanation for this is that average temperatures in the rotor 
portion of the disc were responding rather slowly to the temperature 
settings on the controller. Thus we may guess that during the 
temperature-rise phase the mean temperatures in the rotor were probably 
less then the values assumed theoretically, whereas during the 
temperature-fall phase the msan rotor temperatures were greater than 
assumed. The rotor temperatures,.of course, govern the radiel dis-
placements at the rotor end of the bell, used es a boundary condition 
for solution of the shell equations, and so are very influential in the 
calculation of the axial displacements at the rotor. 
50 far· the important question of the unique stress-strain properties 
of cast iron has not been discussed, although mention was made of this 
in the list of sources of possible error (Tl). The non~linear nature 
of the stress-strain curve in tension can be expected to produce non-
linear effects in the results for strains measured in these experiments, 
and also to cause eome residual strain after removal of the temperature 
gradient. Regarding the kind of non-linear effects that may. be expected, 
some information can be gleanad from the discussion in Section 4.3. 
Results were given for a cest iron beam and a cast iron circular plate, 
each subjected to pure bending, by application of a theory to take 
account of the non-linear stress-strain curve for cast iron. It may 
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be seen from Figs. 37 and 38 that the curves for tensile strains 
show the same characteristic as that exhibited by the experimentally-
deterrnin8d curves. The curves for compressive strains, on the otber 
hand, sho'" a decreasing slope, whereas the experimsntal curves showed 
a slightly increasing slope. It should be pointed out that the 
situation displayed in Fig. 38 is equivalent to a circular plate 
clamped at its edges and subjectad to a linear temperature' gradient 
across its thickness, thus producing pure bending. The experimental 
situation is rar more complex, and 'any inferences from the above 
results should be made with circumspection. 
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5.7 Conclusions. 
·The overall conclusion is that tile oxperiments ,.ore successful. 
Much useful information was gained ~bnut the behaviour of the brake 
dlsc under thermal loading, and theoretical predictions were borne 
out. Salient points of interest are noted below. 
(a) The non-linear stress-strain characteristics of cast iron 
are evidenced by the experimental results obtained. 
(b) Two other factors that influenced the non-linearlties shown 
were the unknown average temperatures in the rotor portion 
of the disc, and the air directed on to the bell for cooling. 
(c) The experimental drift and fluctuations of te~peratura and 
strain readings were acceptable. 
(d) As can be seen from Figs. 47, 48 and 49 the strains and 
distortions determined experimentally agree with theoretical 
values within acceptable limits. 
The experimental work reported in this chapter has been submitted 
for publicetion in Strain, the.Journal of the British Society for 
Strain Measurement. 
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CHAPTER 6 DESIGN ASPECTS. 
6.1 Computer-aided Design. 
With the increasing use of computers in the design process, 
vehicle brake manufacturers are examining the possibilities of 
automating the design procedures for disc brakes as far as possible. 
A specification would normally include: 
space available for installation; 
vehicle weight and braking ratio; 
vehicle speed and deceleration (maximum); 
driving pattern of vehicle. 
The last item mentioned above, assessment of driving patterns, is 
difficult to make, but is useful in order ta predict pad weer and 
opereting temperetures of pad end disc, and also to verify that the 
strength of the disc is adequate. Work on fhis subject has been 
reported by Carpenter (48), frood et al (49), Mackenzie et al (13),. 
and Livsey et al (50). 
The computer program embodying the present investigetion fits in well 
with this kind of philosophy. The brake designer would study the 
specification, and would use past experience and judgement to conceive 
a preliminery disc design. He would then run this program .using as 
data the vehicle particulars, disc geometry and material properties. 
Details regarding cooling coefficients and maximum steady-state rubbing 
path tempe~atures. would also be input. 
The computer .print-out·would give the temperaturs distribution over 
the brake disc at 1 second intervals from commencement of braking from 
.the specified initial vehicle speed to rest, at the given deceleration. 
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The deformations, farces and moments, stresses and strains, corresponding 
to these temperature distributions would be printed out. Then the 
value of junction offset required for no caning far each of these 
temperature distributions I"ould be IJiven. Next the steady-state 
temperatura distribution would be shown, and the corresponding values 
of deformations, forces and moments, stresses and strain~, and the 
junction offset for no coning, would be given. Finally, the value of 
junction offset suggested for edoption to the designer would be calculated 
as the mean of the values obtained at the end of the single brake 
application and the steady braking case. If the stresses and 
distortions appeared in general to be acceptable to the designer, he 
would run the program once more, this time using the junction offset es 
pert of his design data, and evaluate .the stres~es and distortions to 
be expected for the two cases of braking. 
The iterative nature of this deeign procedure can be seen from Fig. 52 
which shows the process in the form of a flow chart. Appendix 2 gives 
a full listing of the computer program with examples of the kind of 
output produced. 
Brake Disc Design f'rocfldure 
Specify vehicle particulars and 
disc installation details 
, if 
Define disc geometry, 
except juncti.on offset 
• I. 
Calculation cif temperatures, , 
~tress8sf·deformation8, and 
junction offsets for no-coning, 
at 1 s int"rvals during single 
stop from maximum speed" 
, 
Calculation of temperatures, 
stresses, deformations, and 
junction. offset for no-coriing, . 
for steady-state conditions with 
rubbing path temperatures" 
as specified 
, 
lIre 
temperatures, 
strf]SSBS and deformation no . 
occoptable? '" 
. yes , 
,," 
Calculation of design volue for junction offset 
-" Hlean of values at" end of single stop & steady braking 
, 
Calculation of temperatures, stresses and deformations 
for single brake application and for steady braking 
'V 
.... 
esign Acceptable. nn ~ 
yes f -- ~ - . . ~ " 
.- "-- ~ 
6.2 Effect of Step Lengths. 
Two kinds of "steps" are implied here: the element lengths, which 
are chosen by the designer in idealiaing the disc, and the time 
increment ZT used to calculate transient temperatures during braking. 
These have a bearing on the accuracy achieved, and it is important to 
investigate their effects so that appropriate values may be chosen 
for the analysis. In general, the smaller these 'steps are made, the 
better the accuracy~ As the time and distance increments are not 
independent of each other, if one is made smeller so must the other, 
or all accuracy is lost. If these steps are made too small, there is 
a penalty in terms of excessive computation time, and 90 it is useful 
to determine the most suitable values, which produce acceptably eccurate 
results. 
For this purpose the experimental disc shown in Fig. 7 was analysed in 
several ways. For a time increment 3T of 0.05s full computations as 
described in the previous section were carried out, with c'onical elements 
in the bell of equal lengths for each computation. Then the'bell was 
ideelised into conical elements of different lengths, the lengths being 
smaller where the variables such as temperatures and moments were 
changing most rapidly •. Finally,using the variable element length 
idealisation computations were performed with different time increments 
3T. The procedure is summarised in Table 5. 
Irime-----;-·--·-----.. , .... -·------·---T .. ----· ..... -. .._-_ .. '''' 
1 Increment· .05 .05 .05 .05 i.01 .025 
I ':7. s. ......_ ..... i .1 
Element· , i I • \ 
Length .05' .125) .2S! variable! variable: variable i variable i var labl!" . 
,--_=in,--,-_. __ L_ .. _L_· 1 ____ ... ___ 1 _____ ... _._i .. __ . __ L ___ .. __ J_ ... __ ' __ J 
TABLE 5 . Procedure for estimating effects of step lengths 
Fig. 53a ShO.W9 the ter.lperature distributions obtained in the disc at 
the end of a brake application to bring a vehicle of weight 3000 lbf to 
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rest from 100 m.p.h. at a deceleration of 0.5 g. Usinq different 
element lengths for thn time increment of f).05 s dirl not produce any 
marked ,Iifferences in temperature values. Thu .treRges, howevor, are 
clearly affected, as can be seen from Fig. 53b,· in which for illustration 
the meridional stress on the outside surface of the bell is plotted. 
Element lengths of 0.25 in. are obviously too large. 
In Fig. 54a the temperature distributions in the bell· for steady-state 
conditions with the rotor at 400DC' are shown. Here some differences 
can be seen between the values for different element iengths. As a 
representativ~ exa~ple of the corr8s~onding stress distributions, the 
circumferential stresses at the inside surface are shown in Fig. 54b. 
Again, the values for element lengths of 0.25 in· are markedly different 
from the other values. It can also be seen that the values for the 
variable element lengths are very similar to the values for element 
lengths of 0.05 in. 
Bearing in mind that if all elements in the bell were Df equal length 
of 0.05 in , .there would be 35 elements in all, and that if variable 
element-iengths, ranging from 0.05 in . to 0.17 in , were used, there 
"'ould be only 17 elements, it would seem good policy to employ variable 
element-lengths. With proper choice based upon judgement and experience 
sufficient eccurecy would be achieved, and there would not be undue 
data ·preparation or computer time and core store consumed in the 
analysis. 
Using these variable element-lengths the temperature and stress 
distributions in the bell were computed at 1 second intervals during 
the 0.5 g brake application; thes.e ere shown in Fig. 55. For ~T 
valuss of 0.01 s~ 0.025 s, and 0.05 s, very nearly identical values 
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of temperatures and stresses were produced, as shown. For ~T values 
of 0.1 s and above the temperature calculations become unstable, hence 
thA values of temperatures and stresses are completely wrong. 
Experience in using this computer program for different d,isc designs 
has indicated that a value of ST = 0.05 s is suitable in most cases. 
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6.3 Expected Values of stresses and Distortions. 
If the recommended design procedure is followed, end the disc is 
designed to have a junction offset which is the mean of the values 
for a single brake application and for steady braking, it was suggested 
earlier that the resulting distortions and stresses for all braking 
duties would ba acceptable. This assumption may now be tested 
theoretically. 
In considering the design of the experimental disc of Fig. 7 it ·was 
found that for a O.S g stop from 100 m.p.h.· the junction offset 
re~uired For no coning was ~ 0.052 in , and that the expected diator-
tions and stresses would be as shown in Fig. 56. Similarly, for e 
steedy temperat~re distribution with the rotor at 4000 e the junction 
offset for no ·coning was - 0.064 in , and the expacted.distortions and 
stresses would be as shown in Fig. 57. 
Therefore, the disc would be designed to have a junc~ion offset of 
- 0.058 in , this being the mean of· the two values quoted. If this 
value of junction offset is now used as part of the input for the 
program, the actual distortions and stresses for the two ·extreme 
braking duties described sbove niay be computed. These are shown as 
comparisons with the previously computed values in Figs. 56 and 57. 
It may be observed from the curves that. there will be little coning; 
tha outer edge of the rubbing path will deflect lass than 0.001 in 
with respect to the inner edge. It can also be saun that the stresses 
and deformations ara in general similar for both computati.ons. 
It may be ·concluded that if the design junction offset is taken as the 
mesn of the Junction offsets which predict no coning for the two 
extreme cases of braking, then the coning should be within acceptable 
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limits for any cases of braking. Also, if ,stresses and distortions 
are calculated for the no coning cases, then there is normally no 
need to repeat the computations for' design velue of the junction 
offset. 
.;.i40- '. 
6.4 Mounting Flange Effects. 
Recalling the discussion in Chapter 2, S8ction 2.4, concerning the 
choice of boundary conditions for analysis of the bell as a shell 
configuration, at the mounting flange end it was decided that 
stretching and flexing of the bolted flange be taken into consider-
ation. The desirability of doing this, rather than the alternative 
procedures sometimes used which for simplicity assume such edges to 
be built-in or free, can be tested theoretically by application of the 
computer program to various cases of edge fixing. The strains thus 
calculated may then be compared with the experimentally determined 
strains of Cha~ter 5, Section 5.5 (b). 
Fig. 58 shows that for the three cases of flange fixlngs, very little 
difference in strains is evidenced at the hot rotor end of the bell. 
As may be expected, however, there are marked differences towards the 
flange end, especially in the meridional strains. 
Comparing the experimentally obtained strains with the three sets of 
theoretical· curves, one conclusion is immediately obvious. The.assumption 
that the shell has a free edge at the cold end would lead to unacceptably 
inaccurate results. But from this available data it is difficult to 
decide which of the other two assumptions, the built-in edge oi the 
flexible flanged edge,would be preferable; as their fit with the 
experimental points is of the same order. It is clear though, that 
these two assumptions laad to significantly different strains only in 
the region very near the flange •. This is not a critical area of the 
disc, .as in general much higher temperatures and stresses occur at the 
other end, and known failures in service and in endurance testing have 
occurred at that end. It is suggosted, therefore, that either assu~ption 
may be used,· but if the built-in edge is preferred for simplicity, then 
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it rnunt bo borne in mind that the actual stresses and strains near the 
edge will be lower than predicted, as in practice the flan")e is bound 
to stretch and flex to some extent. 
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6.5 Machining Tolerances Effects. 
As the bell of the brake disc is normally thin-walled, it is possible 
that small differonces in lh" "JaIl thickness may produce 9i gn.1 ficant 
chan~e$ in thN .truss and distorliori patterns in the bell. It is 
important, therefore,' to estimate the effect of the machining tolerances 
allowed in the design of these disce. The usual practice is to allow 
! 0.01 inches on the thickness, and: t degree on the cone angle. 
Considering the design of the experimental disc of Fig. 7, suppose 
that the compuler analysis had indicated a' given junction offset for 
no coning, and had predicted certain temperetures, stresses end dis-
tort ions which would result at the end of a single brake application 
bringing a vehicle tr. rest. How valid I"ould these predicted valuEls be 
if the bell thicknesaes and cone angles differed from the design valuas. 
by the ma~im~m permitted magnitudes? In order to answer this question 
three further computations were carried out with bell thicknesses and 
cone angles as given in Table 6. 
I~~~-~ Bell (·~~!-~~:)SS8S-· -~~----·-·B(!~g;:;!;S------·-
i ". I';;;;'" 0,,"0 · Coo"~" ""'0 I""," ","0 C","" ","0 
j -----------;-------.·-··-------·r-··--------:--·.·····-----··.· --j 
1 .• 125: .187 I 90 . 32t ,I 
: I . 
. .177 i 90 321 I 
.125 .187' 89, I 32 I ._.13~_. __ J._._ .~::_~ __ .. .. L ... _ .. ~~~__._.L. ___ 3~ ___ . __ J 3 
.115 2 
4 
TABLE 6 Plan of Tests to Show Machining Tolerance Effects. 
Fig. 59 show the temperatures, streeses and distortions computed for 
these different geometries. The temperature distributione do n'ct show 
any significant differences, the maximum deviation from the predicted 
values being about 40 C. The circumferential stresses predicted for all 
tests likewise do not· differ much from each other. The meridional 
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stresses exhibit slightly more marked differences in certain regions, 
the largest discrepancy being about B%. The radial and axial 
displacements predictad are virtually the Same for all. tests. 
Slight differences in values of angular distortions can be discerned. 
The rotation at the rotor end for the thinnest bell implies a coning 
of about 0.001 inches more than predicted,·i.e. thatths innar and 
outer edges of the rubbing path will move axially by this amount 
relative to each other. 
These discrepancies are all within allowable limits for this 
inveetigation, and it may be concluded that the usual machining 
tolerances are acceptable in the design of these no coning discs. 
CONCLUSION 
This project has been concerned with the evaluation of temperatures, 
stresses and distortions in brake discs, subjected. to different kinds of 
braking duties. Temperature distributions have been investigated theoret-
ically, and dynamometer tests with simulated vehicle braking were conducte~ 
in order to obtain temperature measurements on the brake disc. These 
showed that temperatures can be predicted to an acceptable level of accuracy. 
·Theoretical techniques have been developed to assess stresses and deform-
at ions in discs of any likely design.· A computer program embodying these 
methods was·used to obtain results for a variety of degenerate disc shapes 
for which analytical solutions were possible, and a theoretical check was 
thus obtained. An experimental rig was set up, so that temperature 
distributions simulating the effects of braking could be creatsd in a brake 
disc, and measurement of strains and distortions showed reasonable correlation 
with theoretical predictions. 
Aspects of shell theory concerned with the introduction of higher order 
terms in the governing aquations have baen investigated so as to determine 
whether such refinements would be appropriate in the case under consideration, 
as the bell of the disc may sometimes be thicker than the usual "thin-shell" 
assumptions stipulate. This work shed some light on the claims of certain 
proposed theories, but it was concluded that such modifications would not 
be justified in the present work. However, it wes found that a simple method 
of estimating stres·ses allowing for the slight non-linearity of cast iron 
would be an improvement upon the straightforward approach, and it was 
recommended that this modification be incorporated in this analysis. 
Some design aspects have been examined. These include the effects of 
element step-lengths, flenge fixings, .and manufacturing tolerances. No 
difficulties were found in these respects. 
This project arose out of a prectical nead in a section of manufacturing 
industry. Like many other ongineering products~ the disc brake installatiori 
,invnlved so many parametere with complex beheviour patterns, that traditionally 
eny enalysis of e thaoretical neture hes been rudimentary, and much testing 
and development work has had to be undertaken before the product, was released 
to customers. This investigation has demonstrated thet using numericel methods 
with the aid of computers, an accepteble idealisation of, the practical 
situation can be achieved, and better,prototype desigris can be' produced. 
It is hoped that this work will be of assistance not only in making breke 
disc designing quicker and more efficient, but also within its limited sphere 
in makinq passenger cers and commercial vehicles sefer and more reliable. 
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APPENDIX lA 
Plounting Flange Bending Stiffness. 
J\s shown in Fig. 60 the flange may be considered to be a circular plate 
built-in along its inner edge snd subjected to a bending moment around its 
outer edge due to the action of the bell. Thus the radius a may be taken 
approximately as the pitch circle diameter of the fixing bolts and the 
radius b as the point of intersaction of the centre-lines of the flange 
and bell thicknesses. Let t be the flange thickness. It is required to 
determine the relationship between the applied moment Mb and the rotation 
Xb at the outer edge of the plate. 
Using plate bending equations given by Timoshenko and. Woinowsky-Kreiger (30) 
the rotation X and moment Mr at a radius r can be exp~Bssed in t~rmi of the 
unknown constants Cl and C2 as follows: 
X 
C1r C2 
= 2 + r 
Et3 [ Cl C2 (1 _'V)] Mr = 2 (l +,y) l2(l_v2 ) r2 
At r = a, X. = 0 
At r = b, 'X. = Xb, and Mr = Mb 
• 
CIa C2 
•• 0 = 2 + a 
Clb C2 
'X!J = 2 + b 
Et3 [ C: (1+'1» 
C2 (1- '1» ] Mt) = 120--.>2 ) ti1 
Using these last three equations Cl and C2 may be eliminated and the bending 
stiffness of the flange determined, i.e. 
Mb . Et;\ { (b2 + a2 ) v) .Sx = Xt, = + 12b(1-~2) (b2 a 2 ) 
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Roto,. 
BENDING MC'MENTS ON ROTOR. 
-APPENDIX 18 
Radial Displacement at Inside of Rotor. 
It is assumed that the radial temperature variation in the rotor is known, 
and that temperatures are constant in the through-thickness direction, such 
as would be approximately the case during steady braking or at the end of 
a single brake application. It is further essumed thDt previous trial 
solutions for the bell region have produced a value for the bell stiffness Sb 
and the free thermal expansion Uo • 
The rotor may therefore be treated as a circular plate with temperature 
variation in the radial direction only, with elastic restraint at the inner 
edga and stress-Free at the outer edge. Frnm Johns (33) the soluti,'n to 
this problem is as Follows: 
U 
= 
= (l+-v)lI' 
r 
+ 
~r Tr.dr 
a 
+ 
E 
1-1> 
+ 
E 
C2 
for the radial stress COr and displacement U at a radius r in a plate of inside 
radius a end outside radil's b, where Cl and C2 are unknoum constants. 
= .!i 
t 
where t' is the rotor thickness. At r = a, H = Ha and U = Ua 
• 
• • 
Ha 
d 
E C' 
= Pli 1. E 
a2 (1+))) 
= + 1. a 
Elastic restraint conditions imply that: 
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C2 . .... 
••••• 
..... 
(a) 
(b) 
(c) 
At r = b. ()r = 0 
_ll \b 0 Tr.dr E Cl E C2 (d) .. = + 1-"1> . ..... b 2 . t/ (1-111) 
a 
Eqs. (a-d) can be solved simultaneously for the four unknowns. Ha. Ua • Cl. C2. 
Then Ua is the required radial displacement at the rotor insida, and may be 
used as a boundary condition for solution of tha shell equations governing, 
the stresses and distortions in the bell. 
It should be noted that the value of the integral 
,b 
" 
\ Tr.dr 
a 
is known for any temperature distribution, hy application of Simpson's Rul~. 
Previous solution for temperatures in the brake disc had produced values 
for temperatures at discrete stationi in the rotor (Chapter 1). For 
Simpson's Rule to apply it must be ensured thet there are an odd number of 
stations in the rotor. Then 
y Tr.dr = ~ [TO fb + Tnrn + 4(Tl'1 + T3 r:l + ) 
" a 
2 (T2 l';! + T4 rI, + )J + 
for stations o to n with step length h. 
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APPENDIX lC 
Bending StiFFness of Roto~. 
Fig. 61 shows the rotor of the breke disc considered as a flat circular 
plate bent by the moment Ma uniformly distributed elong its inner edge. 
This moment is caused by the stiffness of the beli restricting the thermal 
expansion of the rotor. It is required to determine the relationship 
between Ma and~, the latter being the rotation (or elope) of the inner 
edge of the rotor caused by·the moment Ma' 
From Timoshenko and iJloinowsky-Kreiger (30) the rotation X and bending 
momRnt M can be expressed in terms of the unknown constants Cl and C2 as 
Follows: 
Clr C2 
·X = 2 + r 
Et3 r Cl (l+v) C2 (l-v1 M = 
12( 1",,)12) l 2 r2 
At r = a, X = Xa, M = Me 
• 
Cla C2 
•• 'Xa= .- + 2 a
r 
(t3 Cl (1+-,) C2 (14J 
, 
l Ma = 2 er 12(1-,;02) 
At r ;" b, M = 0 , 
(l-V) ] • Et3 lCl(l+,) C2 
.. 0 = 12(1-))2) 2 b2 
These three equations can be manipulated to eliminate Cl and C2, and Ma 
may then be expressed in terms of Xa. The Following expression is finally 
obtained for the bending stiFfness Sr' 
M . 
a 
= =-~ 
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APPENDIX 10 
Deflected Shape of Rotor. 
In Appendix lC it was explained that the rotor was acted upon by moments 
along its inner edge. The distortion caused by these moments is 'termed 
coning, and may be evaluated by extension of the plate theory used in 
Appendix lC. Integration of the equation For slope X gives the expression 
for the ,deflection w in terms of a further constant of integration C3' Thus 
X dw 
Clr C2 
= -- = + dr 2 r 
• 
Clr2 
C2 r + C3 .. 11) = -- loge'b 4 
Cl end C2 have previo,usly been eliminated. C3 is eliminated by stipulating 
that all deflections be taken relative to the deflection of the inneI' edge 
of the rotor, i.e. 
at r = a, 11) = D. 
Thus the deflection 11) at a radiua r in the rotor is givan by: 
11) = 
. aXe l- (1-"»)( a 2_r2) 
b2(1+v)+a2(l-v) 2 
where Xa is the rotation'at the junction of rotor and bell and is one of 
the quantities obtained by solution of the shell' governing equations. 
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APPENDIX 2 
computer Program Printout. 
The following pages give a full listing of the computer pro~ram for 
calculation of temperatures, stresses and distortions in brake discs. 
Then Bome examples of output from a typical analysis are shown. First 
tile case of designing for no coning ie treated; for this the junction· 
offAet is calculated by the program and displayed. Next the output is 
shown if the whole disc design, including the junction offset, was 
specified. This provides an estimation of the likely distortions in a 
particular design. 
The program io written in Fortran IV and was implemented on an rCL 1905E 
computer. 
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,;, ~? F 0 k" AT (j!1 n.x , 1 "H H n u 'n , N (. F L A ~ (, I: ill. H H (\ l r p ~ n 11) S =, FP. ? ,OX, 1 ~ ~ Ri' 
, I. T P r. ~ A r, I 11 S ::, F h • 1. , <J X , , <) H F lA" r, f T ~ I C ~ ~ F S <. =, ~ ~ . :3 I ) 
L,·H:OH/1? 
DF=OF/17.. 
RND~CN2) 
AA"~H*PH 
BB"QN*RM 
S~.VM*DF/RN/CCBR+AA)ICRR-AA)-NU) 
AAD~B~RB . . 
SP"VM*DF**3/1Z.IC1.-NU*NU)*RN/caB-AA)*CC1.+NU)+AA/BB*(1.-NU» 
AODPN/CPR-AA)*(AA/2.-~A.ALOGCPB/RN)-RB/7..) 
X~.YM*RT*~3*(RO.PO-RI*RT)/1?/Rt/(RO*RO*(1.+NU)+RI*~I*('~-NII» 
90 CONTINUF 
WRITE (2,641) H 
. ~41 FOR~AT C/3YH CONVECTIVe HEAT TRANSFER COEFFICIENT ",FR.4,1RH BTU/F" 
1T·FT-S·OEG f f) 
WRITE (7.,636) 
... :'16 FOR"AT C1 H1) 
RETIIRI. 
ENO 
I 
.... 
U1 
'f 
SUBROUTINE TTEMPS c .. 
C c,uCI.ILATES TRANSIEOlT TF.MPERATU~E DISTRIIlUTJON 
c 
·PEAI. l 
DltlF.NSION XT<60l,POIOl 
COMMON fe1fvw,UO,xG,~n,Po,RI,RT,DX'NDXfR2fN1,~2'NfB~fL(601,HC(60), 
1TR,OEN,SH,TO,TC,D MfRSfD(60l,A(60l,RI60lfBRfT(60l 
U1"UO*15,/22, 
WRITE (Z,656 , VW,XG~IJ1 
656 FORMAT· (16H VEHiCLE WEIGHT ,F5,O,12H BRA~En At ,F5,3, AHG FROM, 
1FS,O, 4H HP~,1,55(1H.'.Jf' 
BT .. 1I0/Xr./32,2 
DO 101 , .. 1 , '" 
101 T<I>=O, 
X-O, 
ll"O 
102 X"X+DX 
11'" 1+1 
H"VIJ*XG·32,Z*(U(I.XG·32,2*X'f3,14159f(PO*PO.RI*Rll*~O0000558 
. XT(1'=TD*DX/l(1l/l(1l*«p(1,+p(7ll/R(1l*TC2,+(l(1l*l(1 l/T~/oX-2* 
1HC(')*L(1l*lC1)/TC/OC1l_2*Hrc1l*l.r1l/TC_(R(1)+R(Zl"R(1,,*T(1) 
7.+2*1.<1 l*L·(1 l/TClDC, )*Hl 
1)0 103 I =Z·,rj-1 
IF (l.l~,N"·GO TO 10' 
H=O. 
104 IF <I,EO,"') GO T0105 
IF (I,EO,NZl GO TO 106 
I~ (I,LT,N?) ('0 T0 107 . 
X T ( I l = T n. D X * ( ( T ( 1+1 ) + T ( 1-.1 l l 1 £) H f D H. ( 1 • ITn f D)t - 2 , 'D" f I) M - 4 .• H C ( I ) I T C I 
1HOhTCI)) 
GO TO 101l 
105 XT(I).2,*TD*DX/~(I)/(D(ll*L(ll+n(I-,l*L(I·")*(CR(I'+R(1+1ll/2*(O( 
1I'+ol(+')"2 / L(I)'T(I+1)+(P(I'+D(I-,i)/z*n CT-1 1 /L(I-1' . 
2' T (I -, I + ( ( L ( I , • ('I( J I + L ( 1-' ) • n {J -, I I * R ( , I I Z IT n I fl X - ( p ( ! I + R ( I + 1 ) , I 7' 
3 £) ( I ) I L C I l - ( P (I ) + R ( I -, ) ) I 7. • * Il ( I -, l I L ( I -, ) - R ( T) • H r. ( T -, ) • L ( I - 1 ) IT C - R ( 
4 I , ... r ( I ) • l ( 1 lIT r; - R ( ! ) • H r. ( I _., ) * ( n ( ! -, ) - (l ( I ) ) IT C ) * T ( ! ) + P ( I ) • '- ( , - 1 1 I T 
~C·H) 
I 
..... 
tn 
'f 
GO TO .011 
.n~ XTrl)=R.*TD*DX/rD~*Hn*H~+8.*Rrl)*LCI-')*O(I-'»*(~D*HO I' 
'.1 OH *TCI+')+(prl)+p(I_'» .O(J-')/L(I-').T(I.1)+« OH * H~ • HO 
2+R •• QII)*L(I_')*Orl_'»/R./TD/DY_ HO * HO /~./ OM _(R(I)+Rr'_.»)*O 
3 C 1-, ) Il ( I -, ) - 2, • H r..r I ) • R I I ) • I. ( J -, ) / T C - ~ r: ( I ) • f' 0 • I) HI T C / Z • - H C ( I ) / T C 
4.(Hn*HO/4,-RCI).2,*n(I-.»).T(I» 
GO TO ,OR 
,07 XTrl)=2,.TD.DX/R(1)/D(1)/CL(i)+l(I_,».«R(I)+R(i+").(0(1)+0(1+') 
,)/4./L(I)*T(I+1)+(R(I)+P(!-,».,D(i)+0(1-1)"4./L(I-.)*T(i-1)+«DI 
2IJ/z./Tn/DX-HC(ll/TC).(I.C,J+L(I-,J)*P(I)-(prr'+PCI-.).IOli)~Dll-. 
3»/4,/Lrl-'I-CR(I)+R(I+'»*(O(I)+o(r+'»/4,/L(I)I.T(1)+R(r).(L(J) 
4+1. (1-. J) /TC.H) 
,n8 CONTINUE 
,n3'CONTI'IU~ 
XT(N)=O, 
DO 10 0 r .. "N 
,09 T<I)=XT(J) 
IF (II,NE,NOX) GO TO "0 
WRITE (7,655) X 
655 FnRt1AT (/7H TIME -,F'0.1,9H SECONDSII) 
I I "0 
CALl. ~or.n .. (,) 
CALL STRESS 
,'0 IF (X.LT,BT) GO TO '02 
WRITE (7,651\) 
",';8 FnR"AT f1 N') 
RETURN 
ENO 
EHn OF SEGMENT, LENGTH '428, NAHF TTFIIPS 
I 
0-
en 
l' 
C 
C 
C 
SUBPOUT1NE STfMPS 
CALCOLATES STE~OV TEMPERATURE DISTRIRUTION 
HAI. l 
~lMENSION A(60,61),P(60),X(60) 
COMMON IB2/N1,N2,N/q3/L(60).H[(60),TR'DEN,SH,TD,TCi~H/B5/0(~0),C(60 
10),~(60)/B8/T(60) 
2/B1/vw'IIO,Xfi,HD,RO,RI;RT,DX,NDX 
00 Q4 I", ,N'-1 
'Q4 T(I)=400. 
00 93 1"',N1-1 
'13 T(1)=T(I)*1.8 
DO 201 J=1,N-N1 
DO 702 1 .. 1 ,1II-~'1-1 
;002 A(I,J).O. 
,n, COtiT I 1,IiE 
A(,,(~-N'»=-(RIN'+')+R(N1».(D(N1+1)+D(N1»/4./L(N1)*TP 
[10 203 t =N1 +' ,N_, 
J .. l-N' 
IF II.GE.N2) GO TO 204 
IF (I.EO.(N,+,» GO Tn 705 
A(J,J-,':(RII'+R(J-,».loll)+n(I-')"4. / L(I-" 
705 AIJ,J,m_«p(I'+P(I-1)'.IOII'+O(I- 1 ')/4./LII-1'+(P(I'+R(1+1').([1(1 
1).D(I+1"/ 4 /L(I,.R(I'.HC(I)/TC.(I.(I,+LI1_'", 
A (J , J + 1 ,.. (R ( 1 , + R ( I + 1 , , • (0 I 1 ) + n (l + 1 ) ) 1 4 , It I I , 
GIl TO ln6 
,04 IF (I,NF,NZ) GO TO ~n7 
AIJ,J-1)=IRII'+R(I-1)'·nll-1J/L(I-1, 
A(J,J)=-(HD*HD/4./DN+lo(I'+PCI-1').O(I-1'·/LCI-1'.2 •• p(I).HCII' 
1.L(I-1'·/TC+~C(I)*HD.OH/TC/2.+~CII)/TC*IHO.Hn/4.-R(1\'2 •• 0(1.1») 
A(.I.J·1)=4D.~n/4./DH 
I 
... 
m 
... 
I 
GO TO ?Ot> 
,07 A(J,J-')=1,/O~/oH 
A(J,J)=2,/DH/~H+4,*HC(I)/TC/HD 
A(J.J)a-A(J,J) 
IF (! EO (101_1» GO TO 206 , , 
A(J,J+')=1,/OH/DH 
~06 CONT JtWF. 
7.03 CONTINUF 
M .. /oi-N1-' 
CALL ELIM (A,M,X) 
TTII=TR/1,8 
WRITE (',665) TTR 
665 FOR~AT (1 H1,42" STEADy ~RAKING wiTH ROTOR TEMPERATURE OF ,F5,O,1 
1,1X,46('H-),II) 
DO 7lHl J:1,M 
J=!+N' 
;>08 TCJ)=X(I> 
T(N"=TR 
RETURN 
END 
E~n OF. Sf~MENT, LENGTH 806, NAM~ STEMPS 
,. 
:. ." 
~ i 
'" 
'" I 
SU6ROIJT1Nf NOCO~(JJ) 
. r. 
C sus STAPTING ·r.ONI;ITIf)·'S. , SETS liP CI'lErF'CIE~H IM SIMIILTANfOIJS E(lIlATIOtjS 
. C . .F 0 I! S (1 L I) T I "/J WIT H G I V E ~I U'D r 0 '!D , T , <1 '" S , CA l r.1J I. ATE S .A N ~ PR Itl T S 
C,_-A·LL VAlLl~SUf TEMPFHATlIRfS • OFF('~MATln~JS • FOR.CES AND·MOM~NTS·.-
C 
RFA.l ~;S,NU"JC,MC 
OIMENSln~o(2).C(60.6').xY(~O),7(?1) 
C Olil-'O'" 1 B 21 N 1 ., '" 2 • N PI; I [) ( />" ) i A (6" ) , R (" 0 ) 1 B '" 1 N J • OF F • S"'I S-7 1 Y M • '·'1' , T Elf< 
1 81 T ( 1\ () ) I tlfi 1 X ( ti 0 • 4 I • 1.11" 0 • 4) • W( ,.; 0'. 4) • !" S ( 6 n , ") • V( 6" • 4 I 
,_-~,: __ . -2lnt11 N.C("O),MC(60) . 
c 
31 R 1 ? 1 S R , A f)', ~ s • S ( I> 0 ) I B 1 I v W • () 11 14 • X r, • H [l • R q • <? , • RT. D X • N I) X 
- 4/B13/FX/B'~/DT("'n) 
'. "S/S15/TT.DA,IIT 
w rll TE (2·. I> 7-0 ) 
"--·,,79 FOR ... AT (/47H TEMPER.QllRFS. [)EFOP.~iAT!lHiS. FORCES AND MO"'''NTS.I;1X. 
:':::.: 
·'46(1H-)./f) 
IJT=TE*PY+T( .. 1) 
-l F (T ( N 1 + 1>- • 011 O. -( 4' • 'It 4' 
TOI1)I:O, 
; .. f",":~4~ CONT IhUE 
I.J =0 
J = 1 
X(1i2.1l=(), 
·U.(N.2, 1·) =0. 
H(h7.1)=SM*(-TE·R(N?)·T(N~)) 
~lS(N2,1)"O. 
V(:-;2.1>=u, 
(.All. r:VAl Cl) 
J=2 
X(i';>·d':1. 
jJ(f.:?,2)=O, 
"(N2.?):SM·(-TE·~(Nl)'T(~?j) 
,<S("2.2,=SQ 
V ( r; ~ , ? , = A ~ 
CALl tV4L (J) 
J=3 
x ( : .. :' , :5.) :: (, • 
I 
... 
0\ 
'I' 
!I (10 , 3 ) '" 1 • 
~eN?,3)=S0*C1.-TE*R(N2I*T(N~» 
I'S(t.'2.31.0. 
V(N~.3)=O. 
CALL rVAl CJ) 
CONTINliE 
IF (NJ.~Q.O) GO TO 330 
((1,1),[(1,2),C(1,6),((2,3I,C(2,41,C(2,5) = O. 
C ( ] ,4 ). , C ( 3 I 5 ) , C ( 4 , 3 ) , C (/. , 5 ) , t; ( 5 , 3) '"or ( 5 , 4) =- o. 
e<1.3)= wxs 
C(1,4)" OFF 
Ce1,5),r.(3,3),C(4,4),C(S,5) = w1. 
C(2,1 )=I/(N1 ,2).U(N1,1) 
C e 2 , 2 ) .'J( N 1 i 3 ) wU ( ~11 , 1 ) 
C(2,4) =FX 
C(?,6)" IJT·1I(~1,1) 
CO,1)· x(N1,n-XCN1,1) 
C(3,Z)·xe N1 ,3)·XCN1,11 
ce3,(')"-xCN1,1 ) 
Ce4,1)·H(N1,2I wH(N1,1) 
C e 4 , 2> .. H ( N 1 .3) - H IN 1 • 1 ) 
ce4.6)=-H(N1.1 ) 
C C 5 , 1 ) "I' $ C N 1 , 2) -M S ( '" 1 • 1 ) 
CC5,2)"MSCN1,.)-MS(.,,11 
C(S,6)=-r}'s(,,1,1 ) 
CALl. ELIM CC,5,XXI 
GO TO 535 
C(1 ,1)=I)OJ1,21-U(N1,1 1 
C(l ,2)="('" , .• ).lJeN1,l 1 
CC, dl"n 
C(1 ,41. II T-U(N1,,) 
C(2,1)"X(N1,2)·XCN1,1) 
C(7.,ZI=X("1,3)wX(N1,l) 
C<7.,3)=0. 
C(2,t.l=-UN1,n 
C<3.1 )=~u., ,Z)wHCN1,1) 
C(3,21·~(N',3)w~eN1,11 
C C3 • 3)·= -, • 
I 
-
'" "-I 
~~5 
~~2 
C(3,4)"-~(N1 ,1> 
CALL f.L11-' (C,3/XXl 
CIlNTII1UF. 
C1::XX(1) 
C2=l'XIl) 
CALl. FltlAI. (C1,C2,X) 
CALL rt NA L (C1,C2,1) 
CAlL f111lAL (C1,C2,H) 
CALL FI'JAL ( C 1 , C 2 , t~ ~ ) 
CALL f I NA L (C1,C2,V) 
I ~ <IJ-1) O,352,3S() 
HI-I1=H(N';4) 
(1111"',(1-11,1.) 
UT=1., S*UT 
I J = 1 
GO TO 360 
Htl2=H ("'1,4) 
1.l1.l2=ll("'1,4) 
S~·=2.(Hfl2-HH1 )/UU1 
U 0" ( tl H 2 - H H 1 .1 .-5) I ( H H 2 - H ~ 1 ) *111.J1 
IJ"i' 
IF (T(~1.1)-,01) U,34h,~46 
T("1)=TO.1-'" 
~ 40 CON T It'l)f 
IF (T(1)-,01) 0,348,3411 
T U11 ) = () • 
HI\ CIlNT J "UF 
CALl. RDISP (S~,IJO,N1,~T,R(1),PPJ1l,IJT) 
I~ (T(~1.1)-,01) O,~47,'47 
T(N1)::(l. 
,47 en!>;T P.,UE 
IF IT(1)-,01) O,349,34Q 
T(NIl=T("'1.' ) 
~4" Cf1~TJ"IJF 
GO TO _~"O 
~5(1 CI)~T'NUr. 
C A,lL uonp 
IoiPITF. «,073) 
~73 F(),"l,T (1Il~,,1HS,1IiX,'HT·,Ql(,1uX,1!'X,'HII,1I\X.1~1/,'2x;1uH.11'~. 
1 ;: ,.; ~-; ;~ I 1 1 \> , 2;'; MS, 1 i\ X , '2 H t-1 ( I ) 
· L 
DO '57.0 J_N1,N7. 
P.T(I)/1,8 
UIJ=U(I,4)*12, 
VV"V(I,4)*1", 
MMmH(I,4)/12, 
CN-~IC(1)/1Z. 
320 WRITE (2,674) SC!> ,p,X<t ,4) ,UII,VV,MH,CN,MS( 1 ,4) ,MCO) 
674 FO~~AT (1 H ,F4,2,F11.0,~F'1~3,4F'2,O) 
WRITE C'1,677) 
~77 FOR~AT CI119H ROTOR TEMPERATURES) 
DOl701D1,N1 
370 ZCI)=T(I)/1,8 
WR[TE (7.,67~) (Z(I),1=1,N1) 
678 FORMAT (1H ,7F12,O) 
WRITE (2,675) 
·675 FOR~AT(1157H CONING OF ROTOR I DEFLECTED SHAPE RELATIVf TO INNER 
1EIlGF.) 
CC-IlI*X(N1,4)/(PO*RO*(1.+NV)+RI*Rt*(1.-NU» 
DO 340 1.1,N' 
w. C C * ( (1 , - N tI)* (R I * R 1- R ( I ) * R ( I ) ) 12. + R 0 * R 0 * C' . + NU) * A LOG ( R' I P ( I ) ) ) *1 2 
~40 Z<I)aW 
WRITE (2,676) (Z(I),1=1,N11 
676 FORt'AT C1H ,7F1";3/) 
IF (NJ,F.Q,1) GO TO'301. 
O(JJ)~MS(N1,4)/H(N1,4)*12. 
WRITF. (2,605) O(JJ) 
605 FORMAT CII132H JU~CTION OFFSET FOR NO CONING ., F~.3/) 
IF (JJ,EQ,1) GO TO 301 
OJ-CO(1)+O(2»/2, 
WRITE (2,611)OJ 
611 FORMAT (111130H RF.COM~ENDEO JUNCTION OFFSET :,FB.3/) 
I 
~ 
'In, (O!H 1 :.u~ 
'JoITr: <;>.68(1) 
"PO ~OP"AT (1 H') 
·QfT!,p~j 
f N fi 
~Nn O~ SE~~[~T. LFNGTM '47R. NAMF ~nCON 
I 
~ 
SlIE\POIITJ'fljE, ~DI5P (S~,lIO,N' ,vT,RPN,RRO,UT) 
C 
C CALCU~~TES ~~DIAL DISPLArf~ENT AT DnTOP END OF BELL 
RFAl NU 
Dll1ENSlflN A(60,"") ,x(t',n) ,TT(60) ,RUd') 
1,RR(60) 
r.OMt';ON IB7/Yfil,"II, TElSi</ T (,,0,) 
~'=~J'-1 
TT()=T (11) 
0011=1,1, 
1 TT(J)=TO"-I) 
H=(RR"i-RPO)/i'l 
PR C 1) "QP()+H 
DO 4 P'2,N 
4 RP(T)=pnCJ-1)+H 
I'" 
S1=O, 
2 S1=S1+TTCJ).PRCI) 
I" 1 + 2 
IF (f-N) 2,0,0 
52=0, 
1=2 
3 ~2=s2+TT(I)*RR(I) 
I = 1+ 7. 
IF (I-N) 3,0,0 
5=(TTO·PRG+TT(N).~R(N)+'.·S'·?.5?)·H'3. 
A(1,4),ACZ,');A(],4).", 
A(1,4)=-1I1: 
A(1,"='./S~ 
A(' ,2)e-RRU 
,A(',~)~-'./oPO 
A (2 , ") .. V 1'1 ( , • - N' I) 
A ( 7. , ~ ) ,,- V~' I ( 1, • ~ 11) "1 i>. fj , p ~" 
/I ( 2 , i. ) ~ Y I,! .. T F. 5 I Cl ~; N /1) P. " 
Ao.n=1./RT 
A (3" 2) =-YI·!I (1 • ~NII) 
A(3,])·vM/(1.+NIJ)/R~~/RPO 
CALL EllM (A.3,Y) 
UT=)I(1)/SK+IIO 
RETllp!J 
~ND 
E',n OF SE~"ENT, LE~GTH W4. NMIE RI)I SP 
I 
.... 
m 
'" I 
SURI/lJIIT' NE EVAL< J) 
c 
C CONTROLS !NTEGPlTION O~ER ~ELL 
C 
RF"L f1S,L 
~ 11' F. N S 1 () N Y ( 0 ) 
en f' t·lD NIP. 2 I ta , f>l2 , N III 5 I 0 ( I'> (l) , 4 ( 6 n) , R C flO ) I Po Q I ~ ( '" (I , 4) , t I ( f, I) , 4 ) , H ( 60 , 4 ) , fA S C ,., (I , 4 
',~S(6n,4).V(fln,4)/R'O/! 
Z/B]/L(60)."CC601,TW,OE~,SH,TD,Tc,nH 
YC' )=RC"?,> 
Y(2)"XC~2,J) 
Y (3 ) = I1 C ~I? • J I 
Y(4)=HCN?,J) 
YCS)=I-'SClv2"I) 
Y(6)"v(>J2.J) 
1="'7 
70' H!NT=RC!-1)-R(!1 
r,=AnsCA(I-l)·'~O.13.'4'~0?61 
I F (G. UF • 1 •• AN 0 • cr,. G E. , 0.' .. 0 R • (; • IT. , 70 • I I GOT 0 703 
fllliT=L<l.' ) 
7n3 CONTINUE 
c ~ L L P IJ'Jk 1I T (6, H I N T • Y , 
~(t-, .Jl=YC?) 
11(1-' ,JI=Y(3) 
HCI-' ,J)=V(I.) 
'" S (J -1 , .1 I = Y ( 5 I 
vCl-',J)=Y(f)1 
y(1'=P{J-ll 
1=1 -, 
IF (l.(,T,!I') GU TO 7111 
RfT"R~, 
~ f./ r> 
t. 
.... 
Cl 
I 
r. 
r PEPFnRMS RUNGEOKUTTA I~TEGpATlnN OVEP ONE STFP LFNGT~ 
r. 
31 
22 
?3 
74 
DIMFNSION Y(6),OY(6),P(~),Q(6),P(6),S(6),T(~) 
CALL PE~Y (M,Y,DY) 
"0 7? 1=2,~1 
P(ll = H*DY(I)/3. 
Q(" = yc". HI3. 
on 7.3 1=2,M 
OCI) • Y(Il. PCll 
CAll DERYCM,Q,DY) 
DO ?4 1=7.,~; 
r)(!l=H*DY(11/3, 
RC" = QC" 
DO ?~ '=2,M 
?S Rei) = VC!)+ PCII/Z.+ 0(1)/2. 
CAll DEpY(M,R.DY) 
on ?b I=?!"' 
7h RCI) = ~*f'~CI)/]. 
S(1) = Y(1l+ H/2. 
DO ~7 1:2.r". 
77 S(ll = Y(ll+ U,]7~*P(I). 1.125*R(I) 
CAll DfPV(M.S.DV) 
')(l ;>ij 1=2.M 
?X sel) = 4.~Y(I)/~, 
T(1) " veil+ H 
D () ? (.J f: ? I r-i 
29 TCl) " V(I). ',~.P(Il- I.,S.P(!). ", •• ,(1) 
C~L'- ~~PV(11.T.DV\ 
~(1 :n I=?.M 
33 TCI) c 4*oV()/J. 
pO ~4 1'2,;<1 
~4 vC) C VCll+ CPC». 4.*~CJ)+ TCT»/~. 
VCn = v(1) + H 
QfTIIR" 
ENO 
E"n OF 5EGMENT, LENGTH 
---- "-- ----
I 
.... 
-.J 
N 
I 
\ 
c 
c 
c 
SIIBPOUTINF DERV (""Y,~V) 
FVALUATES nENlvATIVES OF VARIARLfS an GOVERNING FaUATl n NS 
REAL ~S,MI,~C,NC,NU 
DIHFNSION V(6),DV(6) 
C()MHON /B5/D(60),A(~O),P(60)/H7/v~,NU,TF/R8/T(60)/B'O/1 
2/P.Z/'~' ."2,N 
, 1~14/!>Tft-O) , 
IF (l.NF.~') GO TO Al0 
AJ=~(I) 
DJ"[\(I) 
GO TO H20 
R'O CON,T I/:L'F 
AJ=A(I-' ) 
DJ =1'1 (1-" 
R;>U C(HJTitli'F" 
TJ"(T(I).T(I-'»/c, 
01"(OT(I)+OT(I-'»/2, 
IF (~,En,61 GO T(l 801 
TJaT(J) 
I) r " !) T ( r ) 
Rn' cnlq I ~illF. 
f 11 "V", * D ,I 1 (' , - N IJ * N II ) 
~P"FR·DJ*IJJ/'2. 
XI=V(7) 
IJI"vnl 
~'''V(4) 
(1I=V(~) 
G=A n S(AJ*1Hn,/3.141,5 0 26) 
r~ (G.GF.".AND.!~.~~.1"1.,nR.G.I,F.'70,) Go TO "02 
RI=R(I) 
D Y ( ? ) = M I / F P - T F * ( , , + ill I) ) • I' I 1f!.1 
nv("\)~xT 
DV (t,)=Vf'.l>J /~ 1* (1I1/QI-TF.oTJ) 
~V(~)=-HI 
OV(h)=-~!J.UIIQI+TE.o('.+HU).oTJ 
(,0 TO 1103 
p.fl2 COI'IT l/llle 
QI=v(1) 
S f' = S I ./ ( • J ) 
Cfl"rOS (AJ) 
flC=CS/SI.' 
~ V (;» = 1'1/ S B I F R - NU/ ~ I • XI 
., - T 1'. (, • +., 1.1 ) I S ~ • ~ I / 0 J 
DY O)=Sr/"RoH! +'r.0XT-NlloUI/p I +TFo(1. +NU) _TJ 
(\ V ( t. ) = - I! 1 I R I + F. P. I ~ I / $ H • ( " 1 / PI. 'I IJ • 0 V ( ~ ) - 'Ill ,. !l C - X I - T E ,. (, • H/ \I ) * T ,I ) 
o V ( ~ ) = -" I I R , - f) C _ H 1 + < ~ lP' / pI,. S ~ * X 1 + ~II'" FR. ~ ~ IQ' ,. n V ( 7l 
, + FP. T l ,. (, • +'1 u) I R 1 * 0 I I ~ J 
nV(F)=Rr.!'Y(31- V ,/sn/5H 
.003 RETIIQ" 
fN~ 
SUBPOUTI~E ~LIM CA,N,X) 
r 
C SOLVES LI~EAR SIMULTANFOUS FQU~TIO~S.BV GAIISSIAN ELIMINATIoN 
D"'IENSln~ AC6n,,,,,),VC"'.(ll 
NN=!>!+.1 
L =,~ -, 
1)0 777 K=1,L 
M=K 
~~=~+, 
C=M1SCA(K,Kl) 
I(~.=~+' 
00 n? t=KK,N 
IF (ARSCA(I,~»-C)222,O,O 
M=I 
C"A!1SCA(t.,K)) 
222 C(lNTIIHlF. 
IF ("-~l 333,444,313 
~3' 00 555 J=K,N~ 
IJ"A(~,J) 
A(r.,J)=A(~!oJ) 
~ 5 C; A (1-: , J ) = (J 
444 00 666 'arK,N 
00 '" 6(- .1 .. I( ~ , N N 
~66 A(I,J)=~CI,J)-A(K,J)·A(I,kl/A(K,~1 
77'7 CONTIHI.tF 
X(N)=A(N,NN)/A(N,N) 
00 no" "=1,1. 
I"N-I( 
XC!l=A(l.NNl 
n= 1 +1 
Ill' Rfll1 J=ll, ,; 
Rill1 nl)=X(I)-A(I,Jld(,J1 
000 X ( ! ) = x ( I ) I A ( I • 1 ) 
RETI'~~' 
F.N~ 
I 
i-' 
-.J 
U1 
I 
SU~POUTINE FINAL <C1,C2,F) 
c 
C CALCULATES HOOP "'l"ENT5 AND FORCES 
OI"FNSIO~ F(60,4) 
COM~'ON IB2I~~' ,N2,N 
0(' 751J T= N1, N2 
F(I,4)=~(l,1)+(F(T,2)-F(I,'»*C1+(F(I,3)-F<T,1»*C2 
7~f) COI,T H"!r 
~rTIIIl" . 
END 
~~n OF 5E~MENT, LENGTH 
SUH~OIlT'NE HOOP 
C CAlCUlATfS ST~fSSES ANn STPAINS 
r 
PEAL /'S,NC,MC,NII 
DIMENSION V(6),DV(6) 
COM/ION IA2/N1,N2,N/~5/0(6n),A(6n),R(6n)/B7/YM,NU,TE/BR/T(~n)1 89/X( 
1 IS 0 , 4 ) , IJ ( 6 (\ , I. ) ,H ( I'> (l , 4) ". ~ ( 6 (\ , 4) , v (1'. (\ , 4 ) I R 1 f) 1 I I f\ 1 1 I U C (I, n ) , M r ( f, 0 ) 
?/H14/1'T(I'>O) 
on 030 '"N1,N2 
V ( 1 ) =p ( I ) 
Y(2) .. XO,4) 
V(3)="O,4) 
V(l.)=~(T ,4)· 
v(5)"~'S(I,4' 
V(6)"V(J ,4) 
If (I,Nr,/,1' GO TII 960 
~.I = A ( I ) 
pJ="'(I) 
G(l TO 040 
0,,0 AJ=A(I-l) 
DJ"n(l-ll 
940 CALl. PfRV (5,y,IlY)· 
ER=y~I.".11 (1, -NU. NU) 
FP"'F.p.DJoOJ 112,· 
P!=Q(t> 
G=AnSCAJ.1dP,/3,,4159?6) 
IF (G,GF,l.,AND.(G.~~"p1"nR,G.L~;'70.» Gn TO 920 
NC(I)=Q.['Y(4, 
~l( (I) "","or p.nv(;o 
l+~M~TE·('.+~U).nT(I"DJ 
I 
.... 
-.l 
-.l 
I 
GO TO ... ~O 
Q20 Cn"TINIJF 
Ne ( I ) = E P. ( NU. 0 V ( 3 ) ~ NU. r: 0 TeA ,I> * V ( 2 ) + V n ) / P T - T E * (1 • + N \J) * T ( I ) ) 
MC(I)·Fo*(NU*SIN(AJ)*~VC2)+SIN(AJ)/~I*V(2» 
'+FR*TE*C'.+NIJ)*DTCT)/DJ 
Q50 CONTINUE 
030 CO"TINVE 
RETuRN 
END 
. ENO OF SEGMENT, LEI;GTH 3110, NAt-'E HOOP 
I 
~ 
.,J 
D 
I 
SUB~OUTINE ST~ESS 
c 
C CALCULATES STR~SSeS ANO STPAINS 
ilEAL ~1S,"'(J,NC,MC 
, ,t,Sl ,"SO,MCI ,MCO 
COMMON fBUN.1 ,N2,NfB4fNS,NR,RF/~5/D(60),A(6n),R(60)fB7/YM,NlliTE/R 
19/X(60,4),U(60,4),H(60,&),M5(6n,4),V(60,4)/811/NC(6n),M[(fiO) 
2/B'~/SR,A~,XS,S(60) 
w~ITE (2,670) 
670 FORMAT (/2'~ STRESSES AND STRAINS,/,'X,20('~.),//) 
WPITE (2,675) 
675 FORMAT (/4X;1HS,8X,3Hssn,9X,3HS51,9X,3HSCO,QX,3 HSCI,7X,3HFSn, 
"OX,JHF5I,8X,3HEC0,RX,3~Erl/) 
00 (,/60' 1"1,, ,'12 
J=I-' 
IF (I,NE,N1) GO TO 002 
J=I 
002 C(lt.T 1 NlJF 
iF «NS.EQ,O).OR.(NS.fQ.'.AND.I.NF.NR» GO TO 90, 
DI~(D(II.D(J»/2: 
FC·"t·DI/PF.(.083]33+DI*~1/1~n./RF/qF) 
. SSI.H(I,4).SIN(A(J»/DI.MS(I,4)*I"t/2.+~C)/OI/EC/(R~+D 1/2,> 
5sn.H(I,41.SI~(ft(J»/nl_M5(T,4)*e"l/l.-Ec)/nI/EC/lo.-b 1/2.> 
GO Tt) 950 
on' 5St=H(t.4).~IN(A(JI)/"(J>+6.*MSIl,4)/D(J)/D(JI 
,S50=H(I,4)*SIN(A(J)'/D(J).6.*MS(I,4,/neJ'/DIJ) 
050 SCI.NC(TI/OIJ)+6.*MC(I)/DIJI/DI.I) 
5Cn.N[(I'/DIJ).~.*MC(I)/qeJ)/D(J) 
FSI=ISST·NU*Sr.ll/V~ 
ESO=(SSn-NU*SC01/YM 
fC'=(SCI-~U·SSI)/VM 
~ C il = ( S en - ;: U • S $ () I I V f' 
MSI,MSO,~CI,MCO=U, 
IF (SSI,LT,O,) GO TO 910 
MSlc32<i, 
o1Q IF (SSO,LT,O,) GO TD 02" 
M50=3Z0, 
020 IF (SCl,LT,O,)GO TO 93" 
MCI=320, 
O~n IF (SCn,lT,O,) GO TO 940 
MCO=320, 
040 SSI=Yr·· .. USl+NU .. ECI)'144./(1.-IW*NII+MSI .. (ESI.NU*FCI» 
S ~ fl"vr.,. (E "O+N''''* EeO) '144. '( 1. -N U* NLi+"so .. (ESO. II!IJ*H n» 
SCI·Y~*(~CI.~U*~SI)/144./(1.-~U*~~.Mcl*(erl+~u*e~T» 
scn.YN*(~CO+~U*~SO)/'44./('.-~U*"!I+.cn*(ErO+"U*F~O») 
960 wRITE (7,620) S(I),SSn,ss!;SeO,SCI,FSO,F~I,~cn,Fel 
~?Q FORMAT (1H ,F4,2,4F1Z.0,4F12.6) 
\.IQ!T~ (2,650) 
~30 FOR"AT (1 '11) 
~ETI'Rr, 
ENI) 
FNO OF SE6MENT, LENGTH 578, NAME STRESS 
TEMPERATURES, STRESSES, ~IIO OISTORTIONS IN BPAKE DISCS 
---------------------------------------.--------------
NOTATION 
I STAnON NIIMBER 
I l ELEMENT LENGTH ..... 
CD 0 ELEMENT WALL THICKNESS 0 
I A CQljE HALF-ANGLE OF fLEMENT 
R RA!lIIl~ AT GIVI':N SUTION 
T L 0 A ·R 
1 0.373 O.37S 5.2~ 
:> 0.323 O •. 375 4.93 
~ 0.323. 0.375 4.6 1! 
4 0.37.3 0.375 4.:?~ 
c; 0.37.3 n.37S· 3. 9~ 
f, 1).323 '1.375 ~.f,~ 
? 0.050 0.125 90.0 3.31 
S\ 0.150 0.125 91).11 3.2"-
t) 0.11)0 0. 1 7.5 91).0 3.11 
, I' 
.0.100 0 .• 1 7. S Q0.f'I 3. 01 
, 1 O.()S{I n.'25 90.0 2.<)' 
, 7 (I.OS') 0. 1 25 <;1(\.(\ 2.1l'" 
1 ~ 0.050 0.11'.7' :0:<'.5 7. • FI' 
, I. O,('.')U 0;'P..7 32.5 ~.7P, 
, ~ 0.1(10 0.1R7 37.;5 2.7"-
1 (, O. , 50 I) , P.? 37..5 2.7~ 
• ? a. , <; 0 f\.1R7 37..5 ?'.'>' 
111 0.150 0.1R7 32.5 2.5l. 
10 0.130 (1,187 32.5 2,4f:. 
;>11 O.17Q 1).1117 32.5 ;> .J<) 
I 
"1 0.100 (\.187 ~2.5 2.3n ~ 
CD n 0.100 0.1.<\7 32.5 7..<'5 ..... 
I ;>~ 0.133 0.187 32.5 7. • 1 <) 
? I. 2,12· 
AT STATION 13 FILLF.T RADIUS IS 0.1111 
MOllf>JTINGFLA"GE 
HIII.F RADIUS = 1;25 ·ROlT P C RADIUS = 1 , (, 2 0.250 
cn~vECTIVF HEAT ~RANSFER COFFFlflENT = 0,1)011) BTu/FT-FT-~-OEG F 
, 
VF~IClE WEIGHT 3UOO, BR~KEO AT 0.5nOG FROM 100. MP~ 
---~--~---~----------------~--------------------------
TrMF = 1.0 SECONDS 
TFMPEIlATURES, DEFORMATIONS, F(lRCES AN!> MOMENTS 
I ----------------------------------~-----------..... OJ 
'l' 
~ T X 11 V H Ne. "'s MC 
O. (H1 411, .0.000 0.002 • 0.00;1 4/11 • 7.0 • .17. -4. 
0.115 31 , 0.00(1 0.002 • O.OO;? 403. 495 • ·17. _4. 
0.'0 B. /).001 I) • I) ()? -C.110~ 3~3. 11"1. . . ., ~. -'3. 
0.30 3 , (1.00~ 0.002 -0,002 3 ~ 4. 1342. -1.q. -3. 
O.I,ro 1 , I),OO~ 0.002 _11,(1(11 3 ~ p, • 1/.29. .11) 
-2. 
0.''; 0, 0,003 0.002 • (I.n01 20 9 . 141-,0. _1Q. -2. 
0.~/1 () O,OO~ 1).0')2 _0,(111. 7.71\. 141'.6. .1Q .. 
- 7. • 
0.~5 fl 0.003 0.0(\2 -0,00
' 
243. 202(>. -9. 4 . ' , 
ro.I-0 fl (1,OO~ 0.0(11 -0.<'0 1 21 (1 • 11',1\9. 1 • I- • · , 
O. 71) (1 0,003 0.1)01 -0.00 1 , 1,9 • 160/'. 1 tI • , 0 • · , 
(1 R~ . . n 0.003 0.001 -0.n01 74. "91. 30. ' 3. 
1 . n (I f\ 0.002 0.0(11 -0,00(1 17. 81/1. ~/,. 1 I •• 
, . , ~ (1 (1.l'0? o.ono _(1 "nn -n. 5 1111 • ~7. ' 3. · , - . ' , ' 1 • ;>1> 11 0,001 0.0,)1) 
-0. n ~10 _/~ 5. 21) 5. "'4.' 1 1 • 
, • 4 <; l) • a.oo' 0. 1)/10 -O.{\OI1 -~O. 05. 77 • !I . 
1 • ~ '; (\ , I) • I) (1 , O.O(\fl -(\.1101) .. 1, 4. 1 5 • n. 7 . 
1 
.... 5 11 (','-'(1~ -0.1)00 _('I.pon 
-"'5. -43. 17. S . 
1 • ., P- o 11 ,UOI) .. 1).0 0 1) -O.fI(H' -I. 3. -03 • , (1. :3 • 
R(1T()~ TEMPERATURES 
«;1, 51, 51. 51. 51. 57. 411. 
I 
..... 
CD 
'( C(I·"ylir, OF qOTOR I DEFLECTED SIlAPE liE lAT I VE TO INNEII Ef'lGF 
0,000 0,000 (l~0.)() 0.000 0.000 o.oon -n.non 
JII'JCTION (1FFSF.T FOR NO CONiNG;: -0.042 
STpFSSESAND STRA.lNS 
--------.-------~---
I S . S~O sS! seo Sel eSO ESl Eeo Fel 
-
'" r- 0,00 .8350. -3319, 1739, -1471, 0,000494 -0,000157 -0,01'10034 -0.1'11'101'134 O,OS 8 410. -!(3n~ ~042, ? 3 no , 0, .. 00044 0 
-0.000212 0.1)0016~ 0.001)173 
0.;>0 81.111 . -37Q(). 89 76. 70?7, O,O(lO~86 -.o.OOOHP. n.01l0432 0.on047'; 
. 0, 3n 3440 , _!..2l't~. 08/\ t., ~2"'5, 0.OnO~67 -0.00O~5? 0.on040() n.onO<;t.1l 
0.1..(', 1\ 30 3, .. I,. f,'; f.\ 10200, ~9;:> 1 , 0,000357 ... 0.OO03?0 0.00052/\ 0,01)1)/\22 
n4/.~ . ~3C:9": - I, () oS F, • 10293. 9179. 0.OOO~52 -O.OOO/.no 0.1'100534 0.0 11 11/\4<; 
11.<;(1 (J5(l~. .. 11..44. 10356, 0411 , 0.0(1)43t- -0. o (l0?;>/\ 0.0(105113 0.0001,15 
n 
. 
~~ 21 rilL •. "- '1' f'I, f.~ .. 137(15. <')5~2. -0.01)0 11 211 -1).OOO~04. 0.0"0'515 0.0001,19 
(\.f,O 461 • . /31 , "/8';2. 03"'4. -0,00000 6 -O.0(l01nO I). nl'lO', 76 O. OOO'lR~. 
n "'(I' 
... -22 0 .',. ?eas. oS 170. 1171.3. -0.onO?14 o,ooon~1 ·1).1I"(l'l0/l 0.000<;0 4 
(I.RS 
-4 0 "'0, 1 .. 4.-'_:: .. 33 7 9, '7 4() 0 • -0.01'10310 0, 000 17~ 0.01'10287 1).(l1'l1)~~5 
. 1."(1 -61<>4, : , .... 'J ! .• 1i.'(-'1. "0.30, .1') .OOl'~5'" 0.00024<; 1'1 .1)t101 00 (l.l)nO:>74 
1 • 1 • • 6 3 e 4. S6 31) .• S ~ 5 • 45~O, -O.0(1)~45 0.0007.61- 0.0 11 (",2 0.01l0,7R 
1 • ,.1 -5881) • 5'41. ·31.0. Bp1. ';O.I)OO~Oo O.I)OO?q 1'1.0110('60 (1.01'10111· 
1 • 4 ~ _4751,. 1.102. -9/, Z, ,9 no. -0.0,,0?41' O.OOO?OR 1).0(10013 0.0(lOn 4/\ 
1 • ~ 5 . ';3 0 :"2, "'.: 3/, 1 • -10P-O. 1 2, ~ • -0.0001 0 5 tY.0(l0173 ';'0.nno;'05 O,(1)01l1~ 
1 ."~. -30~~, .251\"5. ."~1t1'. . 6~2, -0.0.00' 4fJ . .1'1. 0001~4 -o.on(ln1 A -o.nOl)no? 
, .. ~ 
-,8? I1 !:.7(, -~O(\9. H.· -0.00(\n86 O.()00na n -O.O I1 O(\?Q -Q.QIIl)n71' . . . . . 
I 
..... 
m 
'(' 
T''''f .. 9,0 SECONDS 
.--~----------------~--------------------------
. ~ T X IJ V 
0 
.1'0 211 , -0.001'1 0.01'9 -0,000 
0.('15 19 2, 0,001 0.0(19 -0.009 
· 1)."1' , 3 7 , 0,005 0.0NI ·-0,1'1)1\ 
n. 110 . 10 4 , /),007 0.0(13 _0.(\1)'7 
1).4('1 t4, 0,01 n 0.008 -O,n07 
0.45 61, 0,011 0.008 
-0"(10" 
0.<;1) 51 , 0, on O • .oOB -O,n06 
. 1).~5 43, 0,013 0.0(17 -0,005 
0 .... 0. 37, 1),013 0.01'7 -O.(!O~. 
O. 71) . 2 ... , 1).01.3 0.0"1\ -0.00',. 
II.~~ 15, 1),012 1).01'4 -O,OO~ 
.1.1'1\ 1\ , IJ,01f1 0.003 -0.0(12 
1 . 1 ~ 4 , I),OO~ 0.0 0 7. -O.no? 
· 1 • ,_~ ?, 0.006 0.01'1 -0,00 1 
· 1 .45 1 , 0,004 O.oon -0,001 
1 • ~ 5 , a.uo,: o.or-o -1).000 
1 • '" 5 t} •. ".002 -(l.oro -0.00 n 
.. , 
.. )I n (1.001 -1).1)"0 -0.(1)1' . 
.. Ne MS ,AC 
1442. 598. ·7~. -1Q. 
, 4 ~ 1 •. 11<'6, ·7(,. .18. 
14?'l. 7.1'7. • ..,Q. ';'.5 • 
13,<,9. ~ 711 • -R1. _1 :5 • 
127;1. 1,640. ·/14. -. , . 
, 2, I) • ~01\1 • • ~C;. -9 . 
'138. 5438. -)\6. -8. 
1010. 1574. -47.. , 5 • 
8/16. 722 9 • -7. •. ? 5 . 
6 c; 1 • ·64(19. .1\7.. 1.2 • 
345. 50112. ·';>6. 56. 
11'13. 3·51>/1. 1~"'. "'0. 
.. ., 2. 2320. 11\ !I • ~ 7 • 
-174. 1407. 1 1,9. q. 
-250. 5 () 5 • 172. ~9 • 
-269. 1?7 • 
'" 2. ~ 2 • 
-2"5. -1 q. l\(). ? 5 • 
-2"'~ .• -~1')7. c; 1 • 15 • 
ROTOR TEMPERATURES 
2613, 270, 270. 2M. 264. 2 ~ 1 • 211 • 
I COilING OF ROTOR I DEFLHTF.D SHAPE RELATIVE TO INNF.R EDGE ..... 
·OJ 0;000 0,000 0,001) 0,000 0.1'00 0.000 -0.000 
'" . I 
JIIIICTION OFFSF.T FOR·NO CONING = -0.052 
ST~F.SSF.SANO STPAlNS 
---~----------~-----
I S SSO SSl sen Sr.I ESO EST HO Fe! .... 
Q) 
.., 
I 0.00 23946, -17350. 99'70. -2435. 0.001090 -0.0001\90 0.000101 0.000101 
0.n5 2401\8; -1'7614. 1 ?51 2. 7.0<;0. 0.001960 -0.0000 6.'; O.OOO~O:5 0.000~47 
0.:>0 24406, -11\899. 111747. 17.5 /.'7. 0.00 11',55 ..0.001i'17 0.000900 (1.(11)11 on 
0.'1:0 2457.'7. 
-20202. 2170 3. 1'740'7. 0.001770 -(\.001404 (1.0 0 1;>113 0.0(11"'1\£ 
O. 1,0 245'76, -2111;>'9. 24203. 2111,4. 0.001'70 0 ..,~. 0(11 "'04 0.0 01(,27 (1.(11\211'>1 
o . 1,0; 7. 45'73, -27885. 7.52?2. 7.;>71'3. 0.111\11,5 0 
-0.001 7 11 0.0 01 71\0 1l.007.?7R 
0.50 21>80 '7. -"Q 79. 7.59"'5. 7.~01\7. 0.OO7. n20 -O.0l1()010 0.0°11115 O.0()7.,4 ... 0.0;5 8574. -4236, 23046. 24857. 0.000('30 ';'0.000 798 O. 00H8 4 0.OO2HIl 
0."'0 271\3. <'11(\, 21654. 24831'>; "0.OOO~02 -0.00045 ... 0.00171:11'> 0.002,5 0 
0.7('! -8R37, 103~9. 111561. 242 0 1. -0.00(11':51 0.00011.<\ C.OO1r;61 (\.01};>n3~ 
I).R'i -2(1611, H'317. 133(l3. 2:>4:>:9. -0. (1)11;25 0.(100 710 0.01111 RO 0.01J1~~1 
1 • n (I -264 71. 1857.9, 773 11 • 10 62:5. -0.001"27 0.0111 n.48 o.anOl\26 0.on1,o7 
1 .1 '5 .-27739, 1.8651. 2523. 1600 7. -0.01)1~11 0.001159 0.000509 a.OOO',1" 
1 • ? 11 -2 6 11."', 17601\. -1143. 1 ?6 0 7.. -0.on1":76 0.0011V O.1)00?,87 0.01)(\<?7 
'".40; -21 6 31. 15030. -4011l. 1111 Il • -0.(l111n0 7 I) • M'Oo 40 0.onO(l74 ().OI)I)'~~ 
, . ~~ 
-1 8223, 1Z91l9. _47117. 55"'2. -O.OOOOOIi 0.0001l05 -0.0 0 0012 o.or)1)10S 
1 ... S . 
-14548., 11)624. 
-5037 . 3210. .0.0(1070'7 0.000"'45 -O.a n On?1. ·0.0001')(\8 . 
1 7f1 
.Q S 51 , 700;7. 
-4772. 0;;> 1 • -0.0(11)/,4<; '). (lOO/.2n ·0. (ln01 27 -f). (\(If\,,;7 0 . 
ITEAOV BRAK.ING WITH ROTOR TEMPFRATIIRE OF 400, 
T""PE IrA TUllE S, pEFORMATIONS, FORCES AND MO"'ENTS 
I -.. -----------.-------.-----------------------
.... 
CD 
CD 
I 
!': T X 11 V H !<IC MS "'C 
0,00 400, 0,000 0,015 -0,005 7?6, -440,· -57', ... 1 4. 
0,1'5 3!! 7' , 0,001 0,01'; -O,OOS 741. -1no, ;'~I\, .1 4 . 
0,'(1 351 , (I,oot; o ,OH -O,OO~ . 7~7', 904, -6!'. .1 1 • 
0 , ~ 0 329 .. 0; 006 . 0,014 -0,004 741 , 1568, -62, . _1 0 , 
I) 40 , 307', D,OOIl 0,013 -0,00 4 702, 2Z~2 , -~4. ~8. 
/),4') 296, {I,009 0,013 -O,OO~ 67'l, ~~f>7, -~'5. -7'. 
1),~(1 7.87, O,{l1 0 0,013 -O.Dn~ 6~f>, ~~43, -lo6, -6. 
n.<;5 280, 0,01 n 0,012 -0, (11)3 570, 3917, -41 , 0 
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TEMPERATURE DISTRIBUTIONS IN DISC BRAKES 
S. A. Abbas, BTech* N. J. Cubitt, MAt C. J. Hooke, BSc, PhD:!: 
In this paper the temperature distributions over the region of a brake disc joining the rubbing path and the 
mounting flange are calculated. The two separate cases of braking, that of the transient temperature distribu-
tion produced by a single brake application and that of the steady-state conditions existing after a long period 
of steady braking downhill or repeated brake applications, are treated. A numerical method is employed for 
solution, involving setting up equations expressing the heat balance at every region in the disc, and solving 
these with the aid of a digital computer. Temperatures calculated by this method for a particular brake disc 
are compared with experimentally determined temperatures and show good correlation. 
INTRODUCTION 
WHEN BRAKING OCCURS, the kinetic energy of the vehicle is 
lissipated at the brakes, and the heat thus generated 
:auses the brakes to experience a rise in temperature. 
:onsidering the disc brakes, two distinct ateas of interest 
egarding the temperatures reached can be identified. The 
irst concerns the rubbing-path itself, where surface tem-
'eratures can be as high as llOO°C (l)§ and may cause 
:razing and surface distortions. Temperatures on the 
ubbing-path and inside the disc material below the 
ubbing-path have been obtained by Newcomb (2) (3) and 
Ie not of primary interest in this paper. . 
As brake discs ate in some way bolted on to the hub, 
ome of the heat generated at the rubbing-path is con-
lucted into the hub. In order to prevent the hub from 
;etting too hot it is now common practice to have a 
easonably long heat-conducting path, known as the 'bell', 
'ig. 1, joining the rubbing-path to the mounting. A 
nowledge of the expected temperature distribution over 
be bell is therefore of importance in assessing its effective-
less. This temperature distribution is also useful as being 
he first step in evaluating the thermal stresses existing in 
his region, which may be high enough to cause failure 
, the temperature gradients ate steep. This paper is con-
erned with obtaining the temperature distributions over 
ny particulat bell when the disc is subjected to certain 
'raking duties. 
Two sepatate cases of braking ate considered for the 
urpose of analysis. The first occurs when a vehicle 
ndergoes a constant deceleration caused by a single brake 
pplication. Due to the short time during which this takes 
lace very little of the heat generated at the braking surface 
ne MS. of this paper was received at the Institution on 26th October 
1968 and accepted for publication on 12lh November 1969. 
Lanchester College of Tech7U)/ogy, Coventry. 
Um·versityof Tech7U)/ogy, Loughborough. 
University of Binningham, Edgbaston. 
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finds its way through the bell into the hub, but shatp 
temperarure gradients will exist. Mter braking has ceased, 
the heat gradually spreads into the bell and the tempera-
ture gradients become less steep. The second case occurs 
when, after a long period of steady braking downhill or 
repeated brake applications, the heat being lost is equal to 
the heat being gained and steady-state conditions prevail. 
In this case temperatures in the bell can be very high, and 
unless the bell is designed correctly hub temperarures may 
also rise to undesirable levels. 
Notation 
A Swept area of braking surface. 
c.. Specific heat. 
D Hub diameter. 
d Thickness. 
f Vehicle deceleration. 
H Heat generated at disc per unit area per unit time. 
h Interval length. 
he Convective heat transfer coefficient. 
j Station number, used as subscript. 
k Thermal conductivity. 
Q Quantity of heat per unit time. 
r Radius. 
T Temperature at the present time. 
T* Temperature after St seconds. 
t Time since commencement of braking. 
u Initial speed of vehicle. 
W Vehicle weight. 
" Thermal diffusivity = kl pc •• 
St Time increment. 
p Density. 
METHOD OF SOLUTION 
In examining the possible methods of obtaining tempera-
rure distributions in the bell it appears that an a~ytical 
approach is possible if the thickness of the bell does not 
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Fig. 2. Heat transfer at various stations in the brake disc and hub 
At the mounting flange, Fig. 2d, 
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As the initial temperatures at every point in the disc are 
mown, all quantities on the right-hand side of the equation 
Ire known. In a similar fashion equations may be derived 
'Or the regions shown in Figs 2b-e. These are quoted 
)elow. 
T*= 8"St [dlT +2ri - 1I2di _'T 
, (hidl+8rihi_ldi_l) 4h, 1+' hi-, ,-, 
At the rotor-bell junction, Fig. 2b, 
f* _ 2a8t [rJ+1/2df+lf2 T 
, - 7,(d,h,+d,_,h,_,) h, 1+' 
rJ-lf2df-112 { 7, 
+ h T j _,+ (r,d,+7i-,d'_')2---O 
1-1 aut 
rJ+112df rJ-lf2dt-l r j hc(J_l)h j _ 1 rjhcJh, 
h, hi - 1 k k 
r,h'(j-1J~i-l-di)}T,_r,;,-, H] (3) 
At the periphery of the rotor, Fig. 2c, 
fl* = aa! [2r3/2 T2+{h12_ 2hclh12 _ 2hclhl_ 2r312} T, 
hl r 1 aSt kdl k r1 
2h,' ] + kd, H (4) 
'roc Instn Mech Engrs 1969-70 
h,,d,h, h" 
-k--k 
(dl' -2rl-l"dj-l)} Ti] (5) . 
Lastly, for points in the hub, Fig. 2e, the situation can 
be simplified by assuming that the hub diameter D, the 
interval length h, and the heat transfer coefficients h" are 
all constant in this region. Then 
[ 1 (I 24h,}] T,* = "St h,(TI+,+T'_')+L"St-h'- kD T, (6) 
The end condition can be obtained by assuming that at 
Vol184 Pt 2A No 9 
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Fig. 4. Temperatures during a brake application to 
stop the disc on the dynamometer 
A rubbing thermocouple was used to measure tempera-
tures on the braking path near the rotor periphery, and the 
results from this show close correlation with theoretical 
values (Fig. 4). In view of the assumption made in the 
theory that temperatures did not vary over the thickness, 
and the errors involved in taking the experimental 
measurements, the smallness of this discrepancy is 
probably coincidental. On the other hand a better corre-
lation should be expected from the thermocouple at 0·32 in 
along the bell, but the explanation for the discrepancy 
here could be in Fig. 5, which shows the steep temperature 
gradient existing in this region. It should be noted that 
due to the short time of braking in this case the value of 
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Fig. 5. Temperature distribution at the end of a brake 
application to stop the disc on the dynamometer 
convective heat transfer coefficient has very little effect on 
the temperatures reached. 
The disc was then 'drag' tested and temperature 
measurements in the bell were taken for steady rotor 
temperatures of IOO'C, 200'C, 300'C, 400'C and 500'C, 
respectively. l'ig. 6 shows these results, and a set of 
theoretical curves for which the convective heat transfer 
coefficient was determined by trial and error as being that 
value which gave a reasonable fit with the experimental 
points, values of this otherwise not being known for the 
dynamometer set-up. As can be seen, the chosen value 
of 11'8 Btu/ft' h'F for every point on the bell and hub 
gives theoretical curves reasonably compatible with. the 
experimentally determined points. 
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Fig. 6. Steady temperature distributions during dynamometer drag tests 
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'aIue of this heat transfer coefficient on the accuracy of the 
aIculated bell temperatures to ascertain how critical is the 
'alue of this vatiable. 
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)r T. P. Newcomb, M.Sc., C.Eng., M.I.Mech.E.-This 
laper provides an interesting application of a numerical 
,ethod for finding the temperature at points along the bell 
f a disc, in particular when the temperatures have reached 
teady values. This is a region which has received little 
ttention in the past. 
Referring to the first patt of the paper, the measured 
::mperatures shown in Fig. 5 seem reasonably near the 
alculated values whereas our experience with rubbing 
!lermocouples generally gives temperatures somewhat on 
!le Iow side owing to their slow response. This discrep-
ncy would have been increased by a few per cent if the 
·roportion of the heat generated which enters the disc 
ad been taken as 0·99 which I derived in my work and 
!lis is found to be nearer what happens in practice. In the 
ell itself I would expect the fall-off in temperature to be 
ery much as the authors have found but I would have 
lought better agreement between theory and experiment 
light have been attained despite the magmtude of the 
radient which exists. For this reason it would be of 
Iterest to know whether measurements were made to 
~tablish the existence of a radial distribution of tempera-
ue on the disc surface? 
Although the curves indicate a steep temperature 
,adient in the bell which is probably as high as 900°C/in 
would be surprised if this was high enough to result in 
lilure in most disc designs; would the authors care to 
)mment on this? 
In the drag test measurements, it is of some interest to 
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Fig. 7. Variation of log (excess temperature) against 
distance along bell during dynamometer drag test 
plot log (excess temperature) against distance along the 
bell where the excess temperatures marked by crosses in 
Fig. 7 are taken from the full curves shown by the authors 
in Fig. 6 when 300°C, 400°C and 500°C are the imtial 
disc temperatures. 
W'ithin limits, and up to a distance of about 1·5 in, the 
calculated temperatures fall-off in a negative exponential 
manner, as do the measured temperatures (indicated by 
open squares) which one would expect by simple theory, 
provided the bell was reasonably urliform in thickness as I 
suspect it might have been in the authors' work. It would 
therefore be of interest to see from the authors further 
results of some of the other many types of disc bell shapes 
which are used. In general, the hub temperatures en-
countered are not normaIly high enough to cause practical 
problems when the discs are mounted in the wheels, 
despite the high temperatures that are reached on Alpine 
descents. 
Authors' Reply 
lr S. A. Abbas, Mr N.]. Cubitt and Dr C.]. Hooke-
re would like to thank Mr Denms and Dr Newcomb for 
leir comments on the paper and the many interesting 
)ints that they have raised. In order that the paper be 
:pt reasonably brief we did not consider it practicable 
f treat certain items in as much detail as we might have 
ished, and so appreciate the opportunity to expand on 
,me of the issues highlighted by the contributors. 
As Mr Dennis points out, there is a transition stage 
:tween the case of a single brake application and that of 
eady braking down an incline or repeated brake appli-
)c [nstn Mach Engrs 1969-70 
cations until temperatures have stabilized. During this 
transition stage the temperature distribution is unsteady, 
and may be computed by using the method given in the 
first part of the paper with a modification for heat input. 
For steady braking the heat input is constant and may be 
obtained from the total energy dissipated by the vehicle 
per unit time, given by 
Wv 
U=-
n 
where W is the weight of the vehicle travelling down an 
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Fig.1. Half-section of a hypothetical brake disc 
vary appreciably over its length. However, certain brake 
discs 3re designed with a thin, flexible 'junction' region 
between the bell proper and the braking path in order to 
ensure that the disc distorts in an acceptable manner, and 
the analytical technique cannot cope with the large varia-
tion in bell thickness which this entails. A numerical 
method of solution must therefore be sought. 
A half-section of a hypothetical disc is shown in Fig. l. 
For the putpose of a numerical solution for temperatures 
a number of nodal points, or stations, are specified over the 
disc as shown. Simplification of the problem is achieved 
by assuming that the temperature does not vary through 
the thickness of the disc at any point, reducing it to a one-
dimensional problem. This is manifestly not true for the 
region under the braking path, but is a reasonable assump-
tion for the bell, which is the region for which solution is 
required. Then, for each station the heat transfer situation 
in its vicinity may be analysed and equations expressing 
the heat-balance derived. 
Considering first the case of a single brake application 
to stop a vehicle, the heat dissipated at the brakes may be 
derived from the kinetic energy of the vehicle. With the 
notation as given the energy being dissipated per unit time 
is given by the product of the retarding force and the 
instantaneous velocity, i.e. 
Wf (u-ft) 
g 
Assuming a 60: 40 braking ratio for front to back wheels, 
the heat dissipated per unit area per unit time at the front 
discs (for instance) is given by 
Proc Instn Mach Engrs 1969-70 
0·15 Wf( -I) 
gAl u I 
where 1 is the mechanical equivalent of heat. From 
Newcomb (2) (3) the proportion of heat entering the disc 
to the heat entering the pads varies from 9: 1 to 9·5: 1, 
therefore the heat entering the disc can be approximated 
to the following expression 
H= 0·14 Wf(u_ft) (1) 
gAl 
Fig. 2 shows the five types of heat transfer conditions 
that are present in the disc and hub. To illustrate the 
technique used for obtaining a heat balance consider 
Fig. 2a, which shows the situation in the vicinity of a 
station j in the disc. It should be noted here that the 
convective heat transfer coefficients at every point in the 
disc are throughout assumed to be known. In this con-
nection results obtained by Newcomb and Millner (4) for 
several brake installations are of use, 
Considering then the shaded element in Fig. 2a, the hea1 
entering it is given by the usual conduction equation 
aT 
Ql = -kA ox 
which can be approximated to 
(T,- T'_I) Ql = -k21TT,_1/2d,_1/2 h 
,-1 
Similarly the heat leaving the element is given by 
(T'+I- T,) Q2 = -k21TTJ+1/2dJ+1I2 h
f 
The heat being lost by convection is given by 
(h,+h'_I) Q, = 2h,,2rrr, 2 TJ 
If the region under consideration is on the braking path 
the heat going into the element at the surface. is given bJ 
Q _ 2H2 (h,+h'_I) 4 - 7TT'f 2 
To complete the heat balance the heat being used to rais. 
the internal energy of the element is given by 
aT 
pep Volume Tt 
or approximately 
(h,+h'_llCT!- T,) 
PC.21TT,d, 2 St 
Performing the heat balance and rearranging the resultinl 
equation, the following equation is produced for cal 
cul"ting T!: 
T * - 2cxSt [rf+112dJ+112 T +rJ-112dJ-112 T 
, - r,d,(h,+h'_I) h, HI h'_1 '-J 
+{(~_ h") (h +h ) _r,_1/2d'_1/2 
2,,8t k ' ,-1 T, h'_1 
_r,+1/2di+1I2} T + (h,+h'_I) H] (2) h, ,r, k 
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a large distance from the mounting flange the hub is at 
room temperature. 
For the second case.of braking, when the temperatures 
have reached a steady state, the temperature distribution 
over the bell is not calculated from the energy dissipated 
by the vehicle, as this would take up too much computa-
tion time. Instead, past work (s) suggests certain values of 
steady rotor temperatures that may be reached in practice, 
and this can be used as one end condition for the tempera-
tures in the bell. The other end condition is, as before, 
that temperatures in the hub are at ambient at a sufficient 
distance from the disc. 
The method of solution for this case is that a matrix of 
equations expressing the heat balance for points in the bell 
and the hub is set up and solved for temperatures. For 
points in the bell, Fig. 2a, 
TI -1/2dJ-1/2 T +TJ+1/2dJ+1 12 T {TJ - 1I2dJ-112 
h J-l h }+1- h J-I J 1-1 
(8) 
Lastly, for points in the hub, Fig. 2e, 
I I {2 4h'} h' T'_'+h' Tj+,+ h'+kD T, = 0 (9) 
Example 
Fig. 3 shows a brake disc along the bell of which thermo-
couples had been placed. The disc was s;'bjected to 
dynamometer tests which simulated both the cases of 
braking described earlier and the temperatures recorded. 
These temperatures are compared with theoretically 
predicted values in Figs 4, 5 and 6. 
Fig. 3. Disc installation on dynamometer 
Proc Instn Mech Engrs 1969-70 Vol184 Pt2A No 
190 S. A. ABBAS, N. J. CUBITT AND C. J. HOOKE 
DISCUSSION 
The results from the above example illustrate the two 
important pieces of information which are to be gained 
from an analysis of this kind. From Fig. 5 it can be 
expected that during a single brake application on the disc 
under investigation, the thermal stresses will be high and 
should be estimated. From Fig. 6 a steady rotor tem-
perature of 500°C (which is, in practice, reached during 
long periods of braking) may cause quite high temperatures 
at the mounting, although these will depend upon the 
co'oling coefficients of the particular disc installation. 
A computer program has been written which is able 
to deal with any design of brake disc. It uses as input the 
vehicle particulars, disc geometry, specified steady rotor 
temperature, and values of heat transfer coefficient. The 
output consists of the temperature distribution at the end 
of a stop from the vehicle maximum speed (rhis being the 
worst thermal stress condition) and the steady temperature 
distribution over the bell for the specified rotor 
temperature. 
CONCLUSION 
A numerical method has been developed which evaluates 
the expected temperature distribution over a brake disc 
when subjected to certain braking duties. A computer 
program embodying the method is of benefit to 
designers in assessing the probable thermal stresses and 
the heat-dissipating efficiency of the bell. 
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Discussion 
Dr R. W. Dennis, B.Sc. (Graduate)-I have read this 
paper with considerable interest as I have been working on 
the measurement of heat transfer coefficients of a disc 
rotor and their use in the evaluation of rubbing 
path temperatures. Like the authors, I found that for a 
single brake application, above 1 m/s2 retardation, the 
temperatures at the rubbing path are primarily determined 
by the rate of energy absotption and conductivity of the 
disc material, but are unaffected by variations in the heat 
transfer coefficients at the rubbing path or bell caused 'by 
the environment of the disc. Therefore the accuracy of the 
assumed heat transfer coefficients will have little effect on 
the temperature gradients calculated for the bell. How-
ever, for repeated brake applications or constant energy 
absorption the environment (e.g. speed of vehicle, 
shrouding around disc) would have a progressively more 
pronounced effect on the rubbing path and bell tempera-
tures as the convection losses became more significant. 
In this case the temperature gradients should gradually 
become less steep, whilst the bell temperatures increase, 
until the second case treated in the paper is reached, when 
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the temperatures stabilize. It would have been interesting 
to observe this transition even though it lies between the 
two worst cases. 
The method used to determine the bell temperatures 
will be difficult to apply at the design stage, as estimates of 
the rotor temperature and heat transfer coefficients must 
be made. Reference (5) indicates that for a range of ardu-
ous European tests the disc rotor temperature did not 
exceed 500°C, but for most applications the use of this 
may lead to over-design, whilst for high powered vehicles, 
it may be an optimistic figure. The experimental technique 
used to determine the heat transfer coefficients at the bell 
and hub obviously could not be repeated for every appli-
cation, and the value found in the paper will not apply to 
all installations, as it must vary with vehicle speed. No 
direct information on the variation of the heat transfer 
coefficients in these regions exists at present, although an 
approximate set of values may be deduced from experi-
mental work with a rotating cylinder (6) and disc (7) in a 
crossflow of air. It would therefore be useful ifthe authors 
·commented upon the effect of an error in the assumed 
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incline of 1 in n at a constant velocity v. For repeated 
braking the equation for energy absorbed by the disc is 
the same as that given for a single stop in the paper, but 
each period of braking is followed by a period of cooling 
until steady state conditions 3rc reached. Although this 
procedure is quite straightforward, we found that on the 
relatively slow computer that was used for this work an 
unacceptably long time was taken for the temperatures 
to begin to stabilize. For this reason we decided to use a 
specified rotor temperature as an end condition for the 
calculations. The value of the temperature used would 
depend upon the kind of applications envisaged for the 
particular disc design, the figure for, say, high-powered 
vehicles being higher than that which would be used for 
more mundane applications. 
This work was not meant to produce a method for 
determining values of heat transfer coefficients for particu-
lar disc installations. Results from research such as that 
carried out by both the contributors and perhaps assisted 
by future experience in this direction should produce 
some guidelines as to what values should hold approxi-
mately for specific cases. As suggested by Mr Dennis it is 
interesting to observe the temperature distributions in a 
particular bell for different assumed values of heat trans-
fer coefficients. Steady temperature distributions as pre-
dicted by our theory for a bell 2 in long and 0·2 in thick 
are shown in Fig. B for a range of heat transfer coefficient 
values that might exist in practice. We can observe that if 
the actual heat transfer coefficient was 0·002 Btu/ft' sop 
and the wrongly assumed value was 0·008 Btu/ft' sop, the 
actual temperature at the mounting would be BOoe higher 
than predicted. In this particular case the temperatures 
are not excessive and this error would probably not be 
intolerable, but we cannot generalize from this as in 
another case the rotor temperature may be higher and the 
bell may be of different length and thickness, with the 
possibility that the error involved may have a more 
significant effect. 
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DISTANCE ALONG HLL fROM ROTOR-in 
Fig. 8. Steady temperature distributions for different 
values of heat transfer coefficient 
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It is pertinent at this point to comment on Dr Nev. 
comb's observation regarding hub temperatures. As tl 
function of the bell is to dissipate some of the heat gene 
ated at the rubbing path of the disc, it is useful to kno 
that even if only a confined space is available for the dis 
the bell performs its function satisfactorily. On the oth, 
hand, if it is known that the disc is not going to be sui 
jected to severe usage, there is no need to over-desiE 
the bell. We feel therefore that there is some justificati, 
in estimating the likely temperature at the mounting. 
We appreciate Dr Newcomb's apt observations COl 
cerning the discrepancy between theory and experimeJ 
in the first part of the paper. Both theory and experime, 
showed the existence of a radial temperature gradient 
the rotor. This was slight over most of the rotor but ( 
approaching the top of the bell the temperatures beg' 
dropping quite significantly. Unfortunately, however, 
was suspected after tests that the thermocouple at t} 
inside diameter of the rotor was faulty and so we did n' 
quote the results in our paper. In Pigs 4 and 5 if v 
examine the theoretical temperatures at the end of tl 
stop it may be observed that the temperature at the rotj 
periphery Was just over 400°C while the temperature at tl 
rotor inside was 320°C, clearly demonstrating this radi 
temperature gradient. 
In order to illustrate further our contention that tl 
discrepancy shown at O' 32 in down the bell can be part 
explained by the magnitude of the temperature gradie 
that exists in this region, in Fig. 9 we have reproduct 
Fig. 5 but this time have also shown the experimental 
determined temperatures. Plotted this way the discrepan( 
does not seem quite as much, although the measurt 
temperatures do appear to be lower than the calculatt 
values. We agree with Dr Newcomb that the discrepanl 
would have been slightly greater if his suggested value 
0·99 had been used for the proportion of heat entering tl 
disc instead of the value used in the paper. The meth, 
used for solution in the first part of the paper has , 
inherent lack of accuracy, especially in the region near tl 
rotor, because the temperature gradient through the rot-
DISTANCE ALONG BELL FROM ROTOR-in 
--- Theoretical. x Experimental. 
Fig. 9. Temperature distribution at the end of a brakE 
application to stop the disc on the dynamometer 
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llickness was ignored. If further accuracy is required, a 
wo-dimensional analysis has to be carried out. The con-
iderable simplification achieved by using the one-
imensional technique described in the paper has to be 
reighed against the loss of accuracy involved. 
As Dr Newcomb points out, there is a steep temperature 
radient in the bell towards the end of a single brake 
pplication. Naturally the question as to whether or not 
lis may produce thermal stresses high enough to cause 
tilure depends upon the particular bell design. As we 
lentioned in our paper, an attempt can be made to 
ohieve some flexibility of the bell near the rotor end in 
rder to arrange for the disc to distort in an acceptable 
lanner, and this can produce thermal stresses that are 
igh enough to justify their being investigated. 
Finally, Dr Newcomb draws attention to the appli-
,bility of simple heat transfer theory in dealing with the 
:eady-state conditions holding for the second part of the 
aper. We stated briefly in our paper that we had ruled 
ut analytical methods mainly because we required the 
llution to be valid for varying bell thicknesses. We can 
Iso add that our general method would also cope with 
ells of any length and, if required, there is also the 
tcility for using values of heat transfer coefficients that 
ary along the disc. However, we feel that the point 
rought up by Dr Newcomb has a good deal of interest 
ld it is worthwhile to look at it in some detail. 
Carslaw and Iaeger (8) treat the case of steady tempera-
lres in a semi-infinite rod in which the end x = 0 is 
taintained at a constant temperature To above ambient, . 
le solution for this being 
T = T. e-xvv/a 
here T is the excess temperature above ambient at a 
istance x from the hot end, a is the diffusivity, and 
hop 
v=--
CPpAl 
here the notation is as in the paper, but also p is the 
::rimeter and A 1 is the cross-sectional area of the rod. 
Applying this to the bell of a disc it may be noted that 
.is simple theory would be strictly valid for thin bells of 
)fistant thickness and constant heat transfer coefficient. 
f these points the effect of constant thickness assump-
on is of more practical significance for our present pur-
)se and it is to this that we shall direct our attention. 
final factor that may be considered is that the assump-
on of a mathematically senti-infirtite length of the bell 
"plies one or both of the following: 
(a) that the bell must not be too short, 
(b) that the heat transfer coefficient must not be too 
low. 
If we now put p = 4rrr and Al = 21Trd in the expression 
Ir v, we obtain 
2h, 
v=--
cppd 
le Instn Mach Engrs 1969-70 
therefore 
Putting 2 2hc p.=-kd 
the expression giving temperatures over the bell becomes 
T = To e-/.IX 
log,. T = log,. T. - P. log,. e. x 
Thus if 10g,. T is plotted against x the straight line 
obtained has a slope of -p.log,• e. 
In Fig. 10 we have shown part of the diagram given by 
Dr Newcomb, on which, however, we have also drawn 
the straight line predicted by simple theory. The numeri-
cal values used were as follows: 
T. = 478°C, h, = 0·003 Btu/ft' sOF, 
k = 0'0084 Btu/ft' sOF, d = 0·17 in 
This bell, on which the tests described in the paper 
were carried out, varied in thickness over its length, the 
value quoted above being the weighted mean. It can be 
seen that the discrepancy between the simple theory and 
computed values is quite marked. 
It would be of interest to apply this analytical method 
and our numerical technique to a bell that is 2 in long, 
and in which the thickness is 0·1 in over part of its length 
and 0·2 in over the remainder, giving a weighted mean 
thickness of 0·175 in, and observe the comparison between 
analytical and computed results for different values of 
heat transfer coefficient. In Fig. Ila the temperature 
variation for a heat transfer coefficient of 0·008 Btu/ft' sOF 
, 
, 
x 
--- --- -----1-----1 
x 
2-1 ---------1 
2-0'-----
,0 0·4 o·a 1·2 1-6 
DISTANCE ALONG SEll fROM ROTOR-:-in 
--- Simple theory. X Present theory. 
Fig. 10. Variation of log (excess temperature) against 
distance along the bell during dynamometer drag tests 
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Fig.11. \(ariation of log (excess temperature) for 
varying thickness bell 
is shown, and in Fig. lIb this is shown for h, = 0·002 
Btu/ft2 sOF. The discrepancy between simple theory and 
the numerical method is clear but, as we may expect, the 
correlation is better for the higher value of he. 
If our numerical method is valid, it may be anticipated 
that results for a bell of constant thickness and reasonable 
length over which the heat transfer coefficient is not too 
low, should correlate closely with results from simple 
theory. In Fig. 12 we have shown the temperature 
distributions for a bell of constant thickness 0·2 in and of 
length 2 in. Although Fig. 12b shows some slight dis-
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Fig. 12. Variation of log (excess temperature) for 
constant thickness bell 
crepancies in the comparison of the two methods fe 
h, = 0·002 Btu/ft2 sOF, the results shown in Fig. 12a fe 
h, = 0·008 Btu/fe sOF demonstrate clearly the expecte 
close correlation. 
To conclude we would like to reiterate that, in genera 
the accuracy desired for a particular application shoul 
determine the choice of a suitable method for solution. 
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DESIGN AND STRESS ANALYSIS OF 
NO-CONING BRAKE DISCS 
S. A. Abbas* N. J. Cubittt c. J. Hooke:j: 
During braking, the thermal gradient set up over the brake disc from the disc periphery down the bell to the 
mounting flange causes the disc to undergo undesirable distortions, termed 'coning'. By proper design of the 
bell, this coning can be minimized, but, in so doing, there is a risk of high stresses occurring in the bell. In 
this paper, a numerical method of designing the bell to minimize coning and calculating the stresses in the bell 
is described. Comparison of results with standard analytical solutions shows that good agreement is obtained. 
An example of brake disc design and stress analysis by this method is given. 
1 INTRODUCTION 
[N RECENT YEARS, the advantages of using disc brakes in 
many automotive applications have been increasingly 
recognized and their use is now becoming widespread. 
The type of brake disc that has found most favour among 
manufacturers is the 'top-hat' shape shown in Fig. la, 
mainly because this usually provides for adequate heat 
jissipation and possesses no stress-raising effects due to 
bolt-holes. However, this type of disc has certain undesir-
Ible distortion characteristics due to its shape. 
When braking takes place, the braking path becomes 
.. ry hot but the 'bell' of the disc remains relatively cold 
:ausing the disc to distort. As shown in Fig. la, this dis-
:ortion can be considered to be made up of a radial dis-
Jlacement, an axial displacement, and an angular rotation 
:'coning'). Excessive coning may cause variations in pedal 
:rave1, adverse wear characteristics, and perhaps squeal. 
Coning of the disc can be minimized by proper design 
)f the bell in the following way. Examining the situation 
It the junction of the bell and 'rotor' (Fig. la), it may be 
lppreciated that the thermal expansion of the rotor pro-
luces a radial force acting through the centre-line of the 
·otor. Now if the centre-line of the bell at the junction of 
'otor and bell is placed at a certain offset from the centre-
ine of the rotor, the bending moment caused by the rotor 
~orce acts against the tendency of the bell to rotate at this 
Joint. Thus, if the correct 'junction offset' is chosen, 
:orresponding to a particular braking condition, then for 
hat braking condition there will be no coning. 
To determine the correct value of junction offset sup-
lose that analysis of the forces existing in this region has 
,hown that for there to be no rotation there must be a 
lending moment Mo and a radial force Ho. Then, denot-
ng the junction offset by p, the required value of p is 
,btained by stipulating that the couple pHo caused by the 
adial force at this point must be equal and opposite to the 
lending moment Mo: 
.e., 
If 
pHo-Mo = 0 
P = Mo/Ho 
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The sign of p will obviously depend upon the sign 
conventions used for Mo and Ho. The sign conventions 
used in the present theory lead to p having the sign shown 
in Fig. la. Fig. lb shows the manner in which the region 
of the bell near the rotor must distort if the no-coning 
criterion is to be obeyed. It follows from the diagram that 
a certain amount of flexibility is desirable in this region, 
and this can be achieved by designing this part of the bell 
to be considerably thinner than the major portion of the 
bell. There is a risk, however, of high stresses being set up 
in the bell due to the distortions, and it is therefore neces-
sary to evaluate the stress distribution in the bell. The 
stress distribution for a given braking condition will 
depend upon the temperatures produced in the bell. A 
method of obtaining these has been described previously 
(l)§ and in the present paper it is assumed throughout 
that the temperature distribution in the bell is known. 
From this starting point, a method is developed of cal-
culating the values of bending moment and radial force 
at the junction of rotor and bell required to satisfy the no-
coning criterion. Evaluation of the distortions and the full 
stress distribution over the bell of the disc is also outlined. 
1.1 
D 
d 
E 
H 
K 
r 
s 
T 
U 
V 
v 
w 
f3 
y 
Notation 
Extensional rigidity = Ed/(l-v'). 
Shell thickness. 
Young's modulus. 
Radialforce per unit length. 
Flexural rigidity = Ed' /12( 1-v'). 
Meridional and hoop bending moments per 
unit length. 
Meridional and hoop forces per unit length. 
Transverse force per unit length. 
Radius, i.e., distance from axis of symmetry. 
Co-ordinate, distance from apex along meridian. 
Temperature above ambient. 
Radial displacement. 
Axial displacement. 
Meridional displacement. 
Normal displacement. 
Inclination of meridian to axis of symmetry. 
Coefficient of thermal expansion. 
Meridional and hoop strains. 
Co-ordinate, angular distance of meridian from 
datum meridian. 
§ References are given in Appendix 2. 
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x 
Radial 
i displacement 
Axial 
displacement 
, , 
, , 
, , 
, , 
, I , , 
L __ ,_.J 
Rotor Rotor 
b 
. Axis, of sYfT!metry. __ 
a 
a Definitions. 
b Bell distortion for no coning. 
---- Original shape. 
- - - - Deformed shape. 
Fig. 1. Brake disc terminology and distortions 
Poisson's ratio. 
Meridional and hoop stresses. 
Rotation of meridian. 
Other symbols are defined when first used in the text. 
Sign conventions 3re shown in Fig. 2. 
2 METHOD OF SOLUTION 
In the bell of the disc the ratio of radius to wall thickness 
is not usually expected to be less than 10: I, and so a 
method of solution based upon shell theory should not 
lead to an unacceptable level of accuracy in the results. In 
order that the method may have general validity for all 
likely bell designs, the solution should apply to shells of 
arbitrary meridional configurations and varying thick-
ness, but the axial symmetry present considerably simpli-
fies the problem. Nevertheless, an analytical approach is 
still not feasible and a numerical method which could lend 
itself to solution on a digital computer must be sought. 
If the shell meridian is idealized as a number of straight-
line elements (Fig. 3) each element is a conical frustrum of 
constant thickness, although the thicknesses of adjacent 
elements may be different. Consequently, conical shell 
theory may be applied. This naturally brings some simpli-
fication to the governing equations, but an additional 
advantage is the ease with which the bell geometry can be 
H+6H 
Me 1\.1$+6Ms 
M, ~' M, H N, r 
a 
a Forces and moments. 
b Deformations. 
---- Original position. 
- - - - - Final position. 
Fig. 2. Sign conventions 
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b 
------.-----.-----
Fig. 3. Idealization of brake disc 
read into the computer programme. Thus, for each ele-
ment the radius at one end of the element, the length of 
the element, the cone angle and the thickness, completely 
define its geometry. The number of such elements used 
depends upon the shape of the bell and the accuracy 
required in the solution. 
Fliigge (2) gives expressions relating the stress result-
ants Ms, Mo, N:n No to the displacements v, w, for an axi-
symmetrical conical shell, and also gives the equilibrium 
conditions. In Appendix 1, these equations are manipu-
lated so that a set of four governing equations are derived 
of the form 
dY, 
ct;;- = fer, H, M" U, X), t = 1, 2, 3, 4 
where Y I (i = 1,2,3,4) represents the variables H, Ms, 
U, x. These four variables are used as they are continuous 
between adjacent elements; the independent variable r is 
used in preference to s for the same reason. In this form, 
equations (32)-(35) in Appendix I are suitable for direct 
integration by the Runge-Kutta process. 
It will be noticed that equations (13)-{16) in Appendix 
1 contain terms which are normally omitted in thin-shell 
theory; for instance, the terms which cause the meri-
dional displacement to influence the bending moments. 
In the present problem, it was thought that retention of 
these terms may help to reduce inaccuracies in results 
when the radius to thickness ratio in the bell is of the 
order 10: 1. Inclusion of these terms does not pose any 
problems in the method of solution and it will be of inter-
est to evaluate these quantities for a representative bell 
geometry. 
Once the quantities U and X are known, the hoop force 
No and the hoop moment Mo can be calculated directly 
from equations (27) and (29). The differential equation 
governing the axial displacement V is derived in Appendix 
I (equation (39)), and as the right-hand side of this equa-
tion is now known, it may be integrated directly by the 
Runge-Kutta process to give V. 
3 BOUNDARY CONDITIONS 
At the mounting-flange end of the bell (Fig. la) boundary 
conditions may be obtained by examining the radial and 
bending stiffness of the flange, which may be considered 
as being a thin circular ring bolted to the hub. If the bell 
is short, the radial displacement at the mounting flange is 
of the order of the radial displacement at the rotor end. 
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'or the braking duties normally considered, this radial 
is placement is large enough to cause the flange to over-
ome bolt friction and expand with the stiffness of an 
nbolted flange. On the other hand, if the bell is long, 
aen the radial displacement at one end of the bell has very 
tde influence on the radial displacement at the other end. 
~hus, in both cases, the radial stiffness of the mounting-
ange may be taken as being that of the unbolted flange, a 
alue for this being readily obtained for any given dimen-
ions of the flange from standard textbooks. It should be 
,ointed out that for bell lengths that fall between the two 
xtremes cited there will be some error, but it is felt that 
ais will be generally not outside the bounds of accuracy 
lithin which the problem is being solved. 
Assuming, then, that the radial stiffness at the mount-
19-flange is known, an equation relating the radial force 
{ and the radial displacement U at this point can be 
(ritten down. It must be remembered, however, that, 
.uring a period of steady braking, the flange may get quite 
. ot and allowance must be made for the free thermal 
xpansion of the flange. The relation between Hand U 
lay then be approximately expressed as 
H = S(U-yRT) . (1) 
{here S is the mounting-flange stiffness, and Rand Tare 
espectively the radius and temperature at the mounting-
ange. 
Considering next the bending stiffness of the mounting-
ange, only a small amount of rotation is caused at the 
,ange by distortion at the other end of the bell, even if the 
.ange was unbolted. For a bolted flange, the initial tension 
1 the bolt ensures that very little rotation occurs at this 
'oint. Hence, this leads to the second boundary condition, 
X = 0 (2) 
t the mounting-flange end of the bell. 
For formulation of the conditions at the rotor end, it 
lay be observed that as the radial stiffness of the rotor is 
lUch greater than the radial stiffness of the bell, the 
adial thermal expansion of the rotor IS practically un-
estricted by the bell, i.e., 
U = yRT (3) 
,here Rand T are the radius and temperature, respec-
lvely, at this point. Experiments have shown that this 
ssumption is reasonably accurate. 
The other boundary condition at the rotor end is ob-
lined directly from the no-coning criterion by stipulating 
b.at the rotation must be zero. Thus, 
x=O 
t the rotor end of the' bell. 
(4) 
Finally, the starting condition for integration of the 
overning equatio'n for V, the axial displacement, is 
V = 0 (5) 
t the mounting-flange end. 
Each conical frustrum in the idealized shell is con-
idered to be one step-length in using the fourth order 
~unge-Kutta step-by-step integration process to solve the 
overning equations. The technique requires that all 
oundary conditions be specified at one end, the integra-
.on routine then commencing from this end. For solution 
f the four simultaneous equations (equations (32)-(35», 
wo conditions are known at each end in the present prob-
om. This difficulty is surmounted by performing three 
lurna[ Mechanical Engineering Science 
trial integrations with guessed values of the unknown 
variables at the starting end, and interpolating to satisfy 
conditions at the other end. This technique is described 
in some detail by Marcal and Turner (3). 
4 CALCULATION OF STRESSES 
Stresses are normally calculated from the stress-resultants 
by assuming that the stress varies linearly through the 
thickness, which leads to the following pair of equations 
for calculation of maximum stresses: 
, Hsin f3 6M, 
a, = -d-±"d2 (6) 
N, 6Mo a, = a±(i2 (7) 
This is acceptable in most cases but where there is a 
sharp bend in the shell meridian the results will not be 
accurate. An approximate method for evaluating the 
stress-raising effect of the bend can be used in this case . 
By applying standard curved beam theory as found in 
most textbooks on the subject, the following expressions 
are obtained for calculating maximum stresses in a curved 
bar for which R is the .radius of curvature of the middle 
surface: 
H sin f3 M,(d/2+e) 
a, = -d-+ de(R+ d/2) 
H sin f3 M,(d/2-e) 
a, = -d--de(R-d/2) 
where e is approximately given by 
d 2 ( 1 1 d 2 ) 
e= R 12+180R2 
(8) 
(9) 
(10) 
A difficulty so far not discussed arises because of the 
shape of the stress-strain curve for cast iron, the material 
in common use for brake discs. Gilbert (4) has dealt with 
the stress-strain properties of cast iron, and it is evident 
that at higher strains the assumption of Hooke's law will 
cause erroneously high values of stress to be calculated. It 
was thought that as application of orthodox theory for 
non-linear materials in this problem would considerably 
complicate it, an approximate method to allow for the 
non-linear stress-strain relationship should be considered. 
First, Hooke's law is assumed and the stresses calcu-
lated from the stress resultants by using equations (6)-
(10). Strains are then calculated from the two-dimensional 
stress-strain relationships: 
1 
E, = E (a,-va,) (ll) 
1 
EO = E (oo-vas) (12) 
The stresses corresponding to these strains are then read 
off from the stress-strain curve for the cast iron used. 
The magnitude of errors caused by this simple tech-
nique is not as great as might appear at first sight. The 
main reason for this is the fact that the deviation from 
linearity only becomes significant at high strain levels. 
The order of errors to be expected was assessed by apply-
ing the above method to a cast iron cantilever and com-
paring the str~sses obtained with results calculated by 
application of non-linear theory. At high strain levels, the 
discrepancies in results were found to be not greater than 
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2·12 in 
3·31 in 
5·25in 
Fig. 4. Brake disc 
2t per cent. For the two-dimensional stress system that 
exists in the case of the brake disc these errors should still 
be within acceptable limits. 
5 COMPARISON WITH ANALYTICAL 
SOLUTIONS 
The validity of the present numerical method of solution 
for axisymmetrical shells may be checked by comparing 
results with those obtained by application of analytical 
methods based on the 'beams on elastic foundations' anal-
ogy for thin shells. Horvay and Clausen (5) list formulae 
which may be applied in the case of edge loading. These 
formulae have certain limitations; they 3fe only valid for 
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long shells having small cone angles and uniform thick-
ness, and do not include temperature effects. They may, 
however, be used for comparison as follows. 
Considering the brake disc shown in Fig. 4, the numeri-
cal method of solution may be applied for a hypothetical 
case of braking when no heat is conducted down the bell. 
Examining the geometry of this cold bell, it can be seen 
that the formulae of (5) may be applied to the portion of 
the bell which is a conical shell. The remainder of the bell 
is a circular plate and standard plate theory, as given, for 
instance, in (6), may be used in this region. At the inter~ 
section of conical shell and circular plate, conditions of 
equilibrium and compatibility are applied to give values 
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a Forces. 
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Fig. 5. Forces, moments, displacemems and rotations in bell of brake disc 
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f the unknown quantities x, U, H, Ms at this point, and 
'om these values the distribution of forces, moments, 
isplacements and rotation over the whole of the bell can 
e calculated. These results are compared with results 
btained from the computer programme incorporating the 
umerical method as shown in Fig. 5, on the basis that the 
~mperature rise of the rotor due to braking causes a radial 
isplacement of 0·02 in at the inside diameter of the rotor. 
Figs Sa and c show the good agreement that is obtained 
etween results for the two methods, but the moments 
lotted in Fig. Sb display marked discrepancies in certain 
egions. The explanation for this lies in the limitations in 
ne analytical method mentioned earlier, that the results 
re accurate only for long shells with small cone angles. 
:his aspect may be explored further by computing the 
esults if the bell was longer, and cylindrical instead of 
onical. This is shown in Fig. 6, and it can be seen that 
here is now very close correspondence indeed between 
he two sets of results. The slight discrepancies that are 
Iresent occur mainly because the computer programme 
or the numerical method converts 0° cone half-angles to 
o in order to prevent division by zero taking place in the 
:overning equations. The penalty of these small errors 
vas considered preferable to the alternative, which would 
)e to have another set of governing equations through 
'hich the programme would be routed if a 0' cone half-
mgle was met. 
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Another reason for the discrepancies is the influence of 
the higher-order terms which, as mentioned earlier, were 
included in the numerical solution. It is interesting to 
evaluate the effect of one of these terms on the hoop 
moment. From equation (29) the radial displacement influ-
ences the hoop moment due to the term KU/r2 • Thus, at 
the point where the analytical method gives M, = 0, this 
term may be evaluated by substituting appropriate values 
of K, U and r for this point and it is found that it has a 
value of about 6 lbf-in/in. This is small compared with 
the order of magnitude of bending moments encountered 
here, and, hence, it would appear that in this case, at any 
rate, these extra terms have little effect. 
The two computations described above only apply to 
the hypothetical case when the whole of the bell is at room 
temperature. To check the validity of the numerical 
method and programme for a hot bell, the simplest expedi-
ent is to set f3 = 90' and keep the bell thickness constant 
everywhere in the bell. The bell thus becomes a circular 
plate for which the standard analytical solution for thermal 
stresses due to a radial temperature gradient is known. 
The example shown in Fig. 7 is for a bell of 90' cone half-
angle, 1 in thickness, 2 in radius at the mounting flange 
and 4 in radius at the rotor. The rotor was assumed to be 
at 200°F above ambient and the temperature distribution 
in the bell was taken to be as shown in Fig. 7a. For 
purposes of comparison, the stresses obtained by the 
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Fig. 6. Forces, moments, displacements and rotations in bell of cylinder-plate configurations 
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Fig. 7. Displacements and stresses due to a radial temperature gradient in a bell of a circular plate configuration 
analytical solution were truncated to allow for the stress-
strain non-linearity of cast iron using the method described 
earlier. The correlation of results due to the two methods 
was found to be good enough to show no discernible 
differences in the curves shown in Figs 7b and c. 
6 EXAMPLE 
As a practical example, this technique of brake disc design 
and stress analysis may be applied to the case that arises 
when the brake disc shown in Fig. 4 is fitted to a vehicle of 
weight 3000 lb and subjected to two different types of 
braking duties. The first type occurs when a long period 
of braking with the vehicle travelling downhill sets up a 
steady-state temperature distribution in the disc with a 
rotor temperature of 500'C. The second type of braking 
duty considered is when the vehicle is brought to rest with 
a deceleration of O'Sg from an initial speed of 100 mile/h. 
Clearly, these are extreme braking conditions and the 
values obtained for stresses in the disc will be the highest 
that can reasonably be expected. Fig. Sa shows the tem-
perature distributions set up in the bell of the disc for the 
Journal Mechanical Engineering Science 
two braking duties, and Figs Sb and c show the stress 
distributions_ 
It can be seen that in both cases high stresses exist in 
the region near the rotor where the bell is thinner. At a 
distance of 0-5 in from the rotor end the stress-raising 
effect of the discontinuity in the bell geometry is shown 
in the curves for meridional stress. The discontinuity in 
the curves for hoop stress at this point is also caused by the 
shape of the bell. For the single stop, the stresses reduce 
in magnitude near the mounting flange, but for steady 
braking the high temperatures in this part of the bell and 
the specified end conditions cause the stresses to become 
high. 
The maximum stress due to steady braking is higher 
than that due to the single stop, but it should be remem-
bered that the steady rotor temperature of 500'C for 
which computation was done is seldom reached in prac-
tice. Another fact that should be borne in mind is that 
cast iron is much stronger in compression than in tension 
and so one needs only to look at the tensile stresses in the 
disc. 
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and a single stop from 100 mile/h at 0'5g 
For the two temperature distributions shown in Fig. Bc 
wo different values of junction offsets for there to be no 
:oning were calculated. For the steady braking case this 
~as found to be -0·071 in, while for the single stop the 
,alue was -0·060 in. The disc is therefore designed to 
13ve a junction offset which is the mean of these two 
ralues, i.e., -0·066 in, and coning of the disc may then be 
,xpected to be very small at any braking duties. 
Finally, the axial movement at the rotor of the disc 
,hould be checked to make certain that this is not un-
Icceptable. For the steady braking case, this was found to 
,. -0·0082 in, while for the single stop the value was 
-0·0077 in. These values are considered reasonable. 
7 GENERAL DISCUSSION 
[t is appropriate at this point to discuss the practical 
lalidity of this method of design and stress analysis of 
iiscs. Clearly, the tests described earlier were theoretical 
n nature and the question as to what practical tests are 
lecessary to have confidence in using this technique must 
lOW be discussed. 
Validity of the no-coning criterion has been investi-
~ated by measurements on a wide range of discs using 
iynamometer tests. It has been found conclusively that 
iiscs designed according to this method exhibit a negli-
~ible amount of coning when compared with discs for 
Nhich this design technique has not been used. The no-
Journal Mechanical Engineering Science 
coning aspect therefore appears to have been confirmed 
practically. 
The strength aspect of this work is more difficult to in-
vestigate experimentally. The theoretical tests described 
earlier show that the theory, numerical technique and 
computer programme are correct, but no indication is 
given of how valid these are for the actual cast iron brake 
disc. The best course seems to be to measure experiment-
ally the strains in the bell of the disc and compare these 
with the theoretically predicted strains. The value of 
maximum allowable stress or strain may then be fixed by 
carrying out appropriate fatigue tests, bearing in mind the 
design life of the brake disc in terms of the number and 
severity of brake applications expected. 
The method of design and analysis described in this 
paper was found to be well suited for programming on a 
computer. The designer feeds in as data the vehicle par-
ticulars, such as weight and speed, and a suggested brake 
disc geometry (excluding the junction offset). The output 
gives the required junction offset for no-coning, the ex-
pected displacements and the stresses. This information 
enables the designer to decide whether the preliminary 
design was acceptable, and if not, what modifications are 
to be made to the bell geometry to reduce the displace-
ments or stresses. 
It might also be of interest to the designer to estimate 
the amount of coning expected at various braking duties 
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for a given junction offset. This can be done by introduc-
ing a minor change in the boundary conditions at the rotor 
end given in an earlier section (equation (4)), so that this 
equation now becomes 
Mo =pHo-Cxo 
where p is the junction offset, and Xo) Ho and Mo are the 
rotation, radial force and meridional bending moment at 
the rotor end of the bell. C is the bending moment re-
quired to cause unit rotation of the rotor at this position, 
and may be readily calculated from conventional plate 
bending theory as the dimensions of the rotor are known. 
Experience has shown, however, that, for a junction offset 
calculated by the method outlined, the coning is small at 
all expected braking duties. 
8 CONCLUSION 
It has been shown that a brake disc can be designed so 
that the amount of coning it experiences is minimized. A 
numerical method for calculation of stresses and displace-
menrs has been described, and verified by comparison 
with analytical methods for the treatment of certain shapes 
of bell. A future programme of work is desirable, which 
would involve the determination of strains and displace-
ments experimentally and the establishment of a maximum 
allowable value of stress in the disc. 
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APPENDIX I 
DERIVATION OF EQUATIONS 
Fliigge (z) gives expressions for the stress resultants in a 
conical shell in terms of the displacements. Simplifying 
these for axial symmetry and inserting the effect of a meri-
dional temperature gradient, the following set of four 
equations is obtained: 
N, = D[ v· +~ (v+w cot Il)] Kw" cot Il ---'- -Dy(l+v)T 
s 
(13) 
N, = D[ ~ (v+w cot Il)+vv'] + K cot Il[;, cot Il 
w w·] K cot' Il 
+3 cot' Il+, -Dy(1 +v)T , yT 
s s s 
(14) 
[
V' VUJ'] K cot Il M = K w"--cotll+- +--yT . 
11 S S S 
(15) 
[
WO w v ] Kcotll 
Mo = K -+,cot'Il+,cotll+vw" ---yT 
s s s s 
(16) 
. d() 
where () represents (is' 
The eqUilibrium conditions for an axi-symmetrical 
conical shell when there are no body forces and no pres-
sure loading are as follows: ' 
(sN,)" - N, = 0 (17) 
N, cot 1l+(sQ,)" = 0 (18) 
(sMS -M,-sQ, = 0 (19) 
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Resolving the displacements v and w in a radial direc-
tion, 
U = v sin Il+w cos Il . (20) 
By considering the deformations in a conical shell, 
X = w • (21) 
Differentiating equation (20) and substituting for w· 
from equation (21), after rearrangement, 
U· 
v· = -. --X cot Il (22) 
smll 
Resolving stress resultant forces axially and radially, 
Q,sinll+N,cosll = 0 (23) 
- Q, cos Il+N, sin Il = H (24) 
Eliminating Q, from equations (23) and (24) 
N, = Hsinll . (25) 
Substitutions from equations (20)-(25) into equations 
(13)-(16) are now made, producing the following set of 
equations: 
H = -- --- cot +-- U ---.- . D [U' v] K cot Il 
sin Il sin Il X Il s sin Il s sin Il X 
Dy 
-""7"""Q (1+v)T (26) 
sm~ 
[ 
U vU' ] [cot IlU N, = D -'-a+""7"""Q-vcotllx +Kcotll 3"'""'Q 
ssm~ sm{.J s sm~ 
X] K cot' f3 +, -Dy(l+v)T , yT (27) 
s s 
[
. cot f3 ( u· ) vx] K cot Il M =K x--- -.--xcotll +- +--yT 
S s smfJ s s 
(28) 
[
X cot f3 X U ] Kcotll M, = K -+ , . f3 +vx" --- yT . 
s s sm s 
(29) 
Examining the equilibrium equations it can be shown 
by eliminating No from equations (17) and (18) that these 
produce equation (23), expressing the fact that the axial 
resultant of forces is zero. Using equations (23) and (25) 
to replace N, and Qs in the equilibrium equations by H, 
the following two independent equations are produced: 
sH' sin f3+H sin f3-N, = 0 (30) 
sM; +M,-Mo+sH cos Il = 0 (31) 
Equations (26)-(31) form a system of six equations with 
six unknowns H, Nf}, Ms, Mo, U, x. They must now be 
manipulated so that they are in a form suitable for the 
Runge-Kutta step-by-step integration process to be 
applied. The number of equations and unknowns can first 
be reduced to four by noting that equations (27) and (30) 
can be combined to eliminate No, and that equations (29) 
and (31) can be combined to eliminate Mo. The subse-
quent mathematical processing is lengthy but not difficult, 
and only the resulting set of equations will be quoted 
here. For the present problem, it is convenient to change 
the independent variable to r, which entails the following 
substitutions in the equations: 
dO = s,'n f3 dO 
s = r/sin Il, ds dr 
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~he governing equations are then as follows: 
dx 1 [ Dr' 
dr = (Dr'-K cos' (3) K sin f3 M,-vD cot f3U 
+rcosf3H-vDrx+vDrcotf3yT] (32) 
dU v sinf3H K dx 
d; = cot f3 X X-r U +-----v- + Dr sin f3 cos f3 dr 
+y(l+v)T (33) 
H vD dU ( KCOS'(3) U 
--+---+ D+ --
T .,.. sin f3 dr r2 r2 sin f3 
( 
K sin f3 cos (3) X 
- vD cot f3- -.-
r2 rsmf3 
Dy K cos' f3 
--. -f3 (I +v)T 3' f3 yT 
r sm r Sill 
(34) 
IM, M, Ksinf3xx Kcosf3x U 
---cotf3H+ , + 3 
r r r dr 
+vK sin f3 dx 
r dr 
K cos f3 
, yT (35) 
r 
The equation governing the axial displacement V may 
IOW be set up. Resolving the displacement axially, 
V = v cos f3-w sin f3 . (36) 
By combining this expression with equation (20) the 
ollowing expression is obtained: 
1 
V = U cot f3---,-----f3 w 
sm 
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(37) 
and this when differentiated with respect to r yields: 
dV dU 1 dw 
d; = cot f3 d;-sin f3 dr (38) 
Knowing that equation (21) can be expressed as 
. dw 
x= sm f3 dr 
equation (38) becomes after substitution for ~~, 
dV dU 1 
d; = cot f3 d;-sin' f3 X (39) 
Equation (39) is then the governing equation for V. 
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Abstract 
This pa,per describes an experimental technique 
for measurement of thermal strains and deformations in 
, a cast iron' brake disc. An experime.-:l,al rig was used 
'to simulat,e the h~at dissipated at the raDGing path during 
braking. and thermocouples and strair; gauges measured 
the, tempe:i:'atures',and' strains. Al though some non-linear i 1:y 
• . .. ;>. 
was -'noted ~n the",Cul;ves for measured strain, thought to be 
due" to the 's'tr,ess- s';train characterist ics of cast iron, 
good agreement, ";as~ found with the theoret ical predictions 
'for"b6th":stratns{and distort ions. 
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INTRffiUCTICN 
During braking the kinetic energy of a vehicle is 
dissipated at the brakes, causing the temperatures in the 
brake installation to rise. It is important then designing 
a disc brake to be able to predict the temperature distributions 
in the disc, and to evaluate the stresses and deformations 
arising from the thermal gradients that occur in the disc. 
In a previous paper (l) a numerical technique for calculat ion 
of temperature distributions due to different kinds of 
braking duties was ,developed, and it was shown that predicted 
temperatures compared well with temperatures measured using 
thermocouples in dynamometer tests simulating vehicle braking. 
A further paper (2) outlined a theoretical method for designing 
the disc to undergo minimum undesirable distortions and for 
evaluating. the s,tresses and deformations in the bell region 
of the disc. It was shown that the numerical method used for 
solution produced results which compared favourably with known 
analytical solutions for degenerate cases of disc geometry. 
However, in order to assess the behaviour of the actual brake 
disc it was esseritial to conduct an experimental investigation 
and obtain measurements of temperatures, strains and 
deformations for comparison with predicted values. This 
experimental wor,k is reported in the present paper.' 
It is felt that the work described here is of interest 
not only to those concerned with brake design and development, 
but also to a wider technical audience. Thermal strain 
measurement is considered to be a difficult technique,with 
problems such as drift and temperature compensation which 
have to be overcome when strain gauges are used, as in the 
investigation described here. Furthermore, the brake disc 
used for the tests was made of grey cast iron, the material 
generally used for brake discs and drums. As work published 
by the British Cast Iron Research Association has pOinted out 
(3) the stress-strain properties of cast iron are not linear 
in tension, not even at very low strain levels. In compression, 
however, the stress-strain relationship is linear up to high 
strain levels, the magnitudes depending upon the grade of cast 
iron used. 
I 
Fig. 1 shows the stress-strain curve for grade 17 cast iron, 
" 
the material used for the test disc. It is of considerable 
interest to examine the effects of these non-linear 
characteristics on the thermal strains experienced by the disc. 
EXPERIMENTAL PROCEDURE 
The cast iron brake disc which was used for the tests 
is shown in Fig. 2. The locations of twelve thermocouples 
and ten strain gauges are also indicated, Table 1 giving 
details of their positions on the surface of the disc. 
The thermocouples were chromel-alumel "Insuglass" and 
were bonded to the surface by a Micro-Measurements epoxy resin 
adhesive capable of withstanding up to 3000 C. Their positions 
, 
were chosen such that apart from fulfilling their main function, 
which was to measure the temperature gradient down the bell 
of the disc, an indication would also be obtained of any 
unwanted temperature gradients in the c;rcumferential direction 
or across the bell thickness. 
For measurement of strains it was decided'to use 
temperature compensated Micro-Measurements strain gauges. 
The manufacturers supply gauges which are compensated for 
application on steel components, and as the coef.ficient of 
thermal expansion of steel. is 'not very different from that 
·of grey cast iron; it was hoped that ·the "apparent strain" 
output from these gauges, if used on the cast iron disc, 
would be acceptably low. In this paper "apparent strain" 
refers to the strain that causes no stress in heated components, 
and. this quantity has to be subtracted from the strain output 
from· a gauge in order to determine the actual stress-inducing 
,thermal strain. In, strain gauges which are not temperature 
compensated the apparent strain may be nearly as high as the 
recorded strain, .swamping the thermal strain, and errors can 
be magnified in perrorming this subtraction o:f two large and 
nearly equal values. Hence it is desirable to have the 
quality of self-temperature compensation in strain gaugeS 
for such applications. 
2 
As indicated in Table 1., th0. WJ< type of 9"uge was 
used in the hotter regions and the EA type in th,' cooler 
regions. As high strairi gradients were expected in the 
meridional direction, short gauge lengths were used for 
those gauges, whereas with the axial symmetry expected the 
circumferential gauges could be of longer gauge length. 
It should be noted that due to the axial symmetery over 
the disc the positions of the strain gauges and thermocouples 
in the circumferential direction do not matter. 
The three-lead wiring system was employed, so as 
to minimise errors due to the temperature coefficient of 
resistance of the wires. The strain-indicating equipment 
consisted of the Budd Model HW-1 portab:E strain indicator 
used in conjunction with the Budd Model SB-1 1Q-way switch-
and-balance unit. 
When cast iron components are heated for the first 
time, it is known that impurities are released and come out 
to the surface. These can a.ffect adhesion of the strain 
gauges and thermocouples. The orthodox method of avoiding 
this problem is to "soak" the component in an oven at a 
temperature.higher than the test temperature. This brings 
the impurities out on to the surface, and the arc'as of interest 
are then cleaned prior to installation of the strain gauges 
a nd thermocouples. 
The above procedure was used for preparation of the 
brake disc. Surface prepatation techniques as recommended 
by the strain gauge: suppliers, Welwyn Electric Ltd., were 
employed, and the gauges were installed using the epoxy resin 
adhesive M-Bond 610, which is use.ful at temperatures up to 
about 4000 C, after being SUbjected to the recommended curin9. 
procedures. 
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Aft('r prep"ration of the disc .• nd ·instalation oL 1:h(' 
strain gauges and thermocouples, th.· apparent strain tcsl~ 
were carried out to obtain the apparent strain characteristics 
of each strain gauge over the required temperature range. 
The disc was placed inside an oven and the temperature slowly 
raised to a given value. When the thermocouples on the disc 
indicated that temperatures were steady, strain readings were 
taken for all the gauges. Temperatures were raised 
incrementally and the procedure repeated up to a maximum 
temperature of 1800 C. The whole process was then repated 
:for decreasing temperat ures. 
The above procedure is the usual sequential plan 
used in experimentation. However, in these tests there 
was the possibility that steady-state conditions had not 
actually been achieved when readings were taken, although 
to the observer it may have seemed that conditions were 
steady. This danger exists because of the large mass of 
the brake disc, and the effect would have been to induce 
temperature gradients and hence stress-creating thermal 
strains in the supposed apparent strain output. Schenck (4) 
discusses this kind of problem due to the influence of 
extraneous variables, and suggests a random plan approach. 
Consequently, further tests were performed in which the 
order of temperatures for which readings were taken was 
determined in a random .fashion. 
The apparent strain measurements having been 
completed, the main experiments could then be performed. 
As previous work (1) had shown that temperature distributions 
due to braking could be adequately predicted by theory, it 
was only necessary in these experiments to be able to 
produce temperature gradients down the disc simulating 
the effects of braking. A diagrammatic representation 
of the test rig is shown in Fig. 3. 
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The brake cl isc wa s bol tea on at its mount i ng f1<1n9<' 
to the hub. The h~b was screwed on to a circular ~ase plate 
which stood on thre'e legs. Ring-shaped electrical heat ing , 
elements were clamped on to the rubbing path of the disc, 
covering almost all of the rubbing area. These heaters were 
controiled by a temperature controller linked to a thermocouple 
on the disc, steady temperatures being achieved by on-off 
switching ,at the controller when the set temperature was 
reached. Heat loss from the disc was minimised by using 
three asbestos-wound steel tubes as shown, and also by the 
circular asbestos plates.at the top and base for insulation. 
Suitable temperature gradients down the bell of the 
'-, . 
disc were created by bldwing cold air on to the inside and 
outside surfaces of, the bell, ,the propertion directed to each 
....... 
side being regulated by a valve so that thr.ough-thickness 
,"-
gradients coul d be minimised. The hub was kEd:ft'-_c?ol by 
copper tubing tightly wound around it through which cold water 
was circulated. 
Distortion of the rubbing path was measured by means 
of five silica rods, which acted as pUSh-rods and indicated 
displacements on dial gauges. The central rod was allowed 
to bear on the hub face, functioning as a reference, and all 
dial guage readings from the other rods were taken with respect 
to this reading. It should be noted that the coefficient of 
thermal expansion of the silica rods was 0.54 x 10-6 per degree 
Cent'igrade, which is so low that errors introduced due to 
thermal, expansion of the rods were negligible. 
With the air flow set at a given level the setting of 
the temperature controller was varied, and the temperatures, 
st~ns, and deformations at all the positions on the disc 
recorded.' As in the apparent strain tests this was done in 
a sequential plan and also in a random plan. In both tests 
the maximum temperature at any strain gauge was not allowed to 
.exceed 1800 C, this being the maximum temperature reached in the 
apparent 'strain measurement S. 
'" 
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RESULTS AND DISCUSSION 
In the description of the apparent strain tests given 
in the previous sect ion it was explained that for each gaugp. 
three sets of experimental results were obtained: for 
temperatures rising sequentially, for temperatures falling 
sequentially, and for the random plan tests. For most gauges 
the three sets of results were reasonably close to each other, 
but Fig. 4a shows an example of the danger that exists in 
sequential type experiments in such situations. These are 
the results for gauge 3, and it is clear that steady-state 
conditions were not· being reached when the temperatures were 
falling. If this happens in a randomly structured experiment, 
a certain amount ·of scat ter would be observed in the results, 
but the best curve through the points would be the "true" curve. 
There are two further points of interest in the 
. apparent strain 
gauges from the 
results. Firstly, although idential strain 
same batch will usually produce similar apparent 
strain curves, it is nevertheless important to calibrate each 
gauge individually for apparent strain. Fig. 4b shows how 
gauges 6 and 8, which are of the same type and from the same 
batch, produced curves that differed considerably from each 
other. Secondly, in this diagram the manufacturer's curve for 
apparent strain on a steel specimen is also given, and it can be 
seen that this is very different from the other two curves 
obtained on the cast iron disc. Now the coefficient of thermal 
expansion of steel is 10 x 10-6 per deg. C compared with that 
-6 for the cast iron used, which was 12 x 10 per deg. C. It 
follows, therefore, that it would be risky to use apparent 
strain curves obtained for a material for which the coefficient 
of thermal expansion was even slightly different from the 
. coefficient fm; the proposed test componen.t. To sum up, it 
seems that ·for reliable measurements apparent strain curves 
should be obtained whenever possible for each strain gauge as 
installed on the component. 
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Next consider ing the main p.xper imp.nt s on the tc,st rig, 
Fig. 5 shows how the temperatures at various points in the 
disc varied with respect to each other. All temperatures 
behaved linearly for a given air flow setting, in both the 
sequential and random-plan testS. This expressed the fact 
that the cooling conditions, i.e. the convective heat transfer 
coefficient, stayed constant throughout an experiment. It 
appeared .. therefore, that rather than recording the strains 
at a . particular temperature distribution for comparison with· the 
corresponding theoretical values, it would be possible to 
obtain for each strain gauge a curve of strain versus "load", 
the load here being represented by the temperature at a 
particular point -in the disc. Theoretically this curve 
should be a straight line. 
In order to illustrate the results obtained in the 
random-plan tests the strains from gauges 5 and 6 are shown 
in Fig. 6, plotted against the temperature of the controller 
thermocouple 'IS' and compared with the strains predicted by 
the theory from (2). The compressive strains from gauge 5 
show good correlation between theory and experiment. 
The agreement between theory and experiment is quite reasonable 
for the tensile strains for gauge 6, but in this case the 
experimental points appear to lie on a straight line for which 
it seems that the zero strain condition would hold at a 
temperature higher than room temperature. These characterist;cs 
evidenced by gaug~s 5 and 6 were typical of all comprcssive and 
, . 
tensile strains respectively, ·as output by the strain gaug'~s. 
The strain~ from these two gauges,S and 6, during the 
sequential-plan test are shown in Fig. 7, and are typical of 
the behaviour of all compressive and tensile strains. A non-
linear. behaviour can be noticed, with a tendency to show 
increasingly higher strains at higher temperatures. A further 
point to be noted is that the strains measured for decreasing 
temperatures appear to have drifted in the negative direction 
when compared with the strains for increasing temperatures. 
Both these tendencies were more clearly evident for the tensile 
strains than the compressive. 
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The 
the results 
Cons ider ing 
shapes of these curves in 
of the random-plan test as 
the tensile strain values, 
Fig. 7 give a clue to 
seen in Fig. 6. 
if a measurement was 
taken after the temperature had been increased, the strains 
recorded would be higher than the correct values. If the 
temperature is then reduced, and readings taken, ·the strains· 
indicated would be lower than the correct values. Subsequently, 
readings taken after another temperature increase would show 
higher strain values·, and so on. 
would appear to lie on a straight 
Finally, the set of readings 
line which had a greater slope 
than the true slope, and which would cut the horizontal axis 
at a temperature higher than room temperature. ~ons ider in g 
next the compressive strains, the strain readings for decreasing 
temperatures are generally higher in magnitude than the strains 
for increasing temperatures; Following a similar line of 
argumentas for the tensile strains it may be reasoned that 
therefore the corresponding measurements for a random-plan test 
would show approximately a straight line through the origin. 
These patterns· of behaviour for both the tensile and compressive 
strains may in .fact be observed in the random-plan results, 
examples of which are shown in Fig. 6. 
It was thought that two factors may have ·influenceci 
these experimental trends and merited further investigation. 
Firstly, drift and fluctuation.of temperatures and strains 
with time, 
exist ing. 
caused the 
when steady-state conditions were supposedly 
Secondly, the flow of cold air, which might have 
thermocouples to register lower temperatures than 
those in the disc material. During a series of tests it was 
confirmed thatthe experimen~al drift and fluctuations were. 
accept ab le. By shutting off the air supply it was found· that 
there was a different trend in the results for compressive 
strains, as the values for decreasing temperatures were now 
smaller in magnitude than the· strain readings for increasing 
temperatures. H~nce the cold air flow did influence the shapes 
of the· experimental curves. 
It was mentioned earlier that the non-linear stress-
strain characteristics of cast iron in tension could be 
expected to influence the strains measured in these experiments. 
Clearly, the curves shown in Fig. 7 do display some non-linear 
effects. These must be mainly due to the material stress-strain 
properties, although because of the complicated shape of the 
stress-strain curve, which is non-linear in tension and linear 
in compression, Fig. 1, it is difficult to predict the thermal 
strain characteristics in a shell configuration like the bell 
of the brake disc. When designing in cast iron, it is' usual 
practice to assume a linear stress-strain relationship, and to 
ensure a low tensile stress level using an adequate factor of 
safety. Nevertheless, it is useful to remember that 
calculated design values of stress could be far from the true 
valu€s, and in the case of thermal stress applications the 
calculated tensile stresses would be much higher than the true 
stresses. 
Considering now the axial deflection measurements, 
the deflections measured at the rubbing path of the disc showed 
good agreement with theory. Results for the random-plan tests 
are shown in Fig. 8. It can be seen that values at the inner 
and outer edge are similar, and since the difference between 
these two values is, a measure of the amount of "coning" of the 
disc, it follows that there was very little coning. As the 
disc had been designed for no coning according to the method 
outlined in (2), this behaviour was as predicted. 
Finally, the strain distribution may be examined in 
the conventional manner for thermal strains. If the strains 
at a particular temperature distribution are plotted along the 
bell of the disc, as shown in Fig. 9, it can be seen that good 
agreement is obtained with theory. 
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CONCLUSICNS • 
The measured values of thermal strains and deformations 
in the brake disc showed good agreement with predicted 
theoretical values for the given temperature distributions, 
although the non-linear stress-strains characteristics of 
cast iron were evident in the experimental curves obtained. 
This technique of thermal strain measurement using 
temperature-compensated strain gaugues worked well, but the 
general limitation is that the maximum operating temperature 
would be about 400°C. Hence high temperature applications 
are not directly feasible. However, in many cases it is 
possible to devise a theoretical method of solution for an 
idealisation of the component, and the requirement is then to 
check the validity of the theory. If experiments are carried 
out at temperature dis.tributions well below operating 
temperatures, and if there is reasonable agreement with theory, 
it follows that the theory is valid for higher temperatures 
too, provided that unknown factors such as unpredictable 
material properties do not intrude at these higher temperatures. 
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'Outer Surface of Bell Inner Surface of Bell Periphery 6f 
Rubbing Path 
Thermocouple 
Position Nos. 1 2,3,4 5 6 7 8 9 10 11 12 
• 
Distance from 
Rotor End 1 8 18 u/S 37 5 8 10 ) 33, -
- mm 
Strain Merid- - 1 - - 3 5 - 7 9 -
Gauge ional (i WK) (i EA) (i WK) ( i WK) (i EA) 
No. 
and Circum- - 2 - - 4 6 - 8 10 -
Type ferential (i WK) (i EA) (i WK) (i WK) (i EA) 
TABLE 1. Positions of thermocouples and strain gauges on experimental disc. 
Fig. 1. 
Fig. 2. 
Fig. 3. 
Fig. 4. 
Fig. 5. 
Fig. 6. 
Fig. 7. 
Fig. 8. 
Fig. 9. 
LIST OF ILLUSTRATIONS 
Stress-strain curve for grade 17 cast iron. 
Brake disc, showing positions of thermocouples 
and strain gauges. 
(a) Section through disc . 
. (b) View on outside of bell. 
(c) View on inside of bell. 
Diagrammatic representation of experimental rig. 
Apparent strain results. 
(a) Gauge 3. 
(b) Gauges 6 and 8. 
Temperature variation. 
Strain variation for gauges 5 and 6 during 
random-plan tests. 
Strain variation for gauges 5 and 6 during 
sequential plan tests. 
Axial deflections. 
(a) Inner edge of rubbing path. 
( b) Ou ter edge of rubbing pa th. 
Strain distribut ions on inside surface· of bell. 
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